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SUMMARY : The damping properties of materials, joints and assemlitadtares can be modeled efficiently by
the use of fractional derivatives in their constitutive atijons. The respective models describe the damping behav-
ior accurately over broad ranges of time or frequency whehgfew material parameters are needed. They assure
causality and pure dissipative behavior. The concept afifvaal derivatives can be implemented into discretiza-
tion methods such as the finite element method, the bountameat method, or the finite difference method. Due
to the non-local character of fractional derivatives theolgldeformation history of the structure under consider-
ation has to be considered in time-domain computationss [Baids to increasing storage requirements and high
computational costs. A new concept for an effective nunaéggaluation makes use of the equivalence between
the Riemann-Liouville definition of fractional derivatv@nd the solution of a partial differential equation (PDE).
The solution of the PDE is found by applying the method of wegd residuals where the domain is split into finite
elements using appropriate shape functions. This appteads to accurate results for the calculation of fractional
derivatives where the numerical effort is significantlyuedd compared with alternative approaches. Finally, this
method is used in conjunction with a spatial discretizatimthod and a simple structure is calculated. The results
are compared to those obtained from alternative formulatioy means of accuracy, storage requirements, and
computational costs.
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1. INTRODUCTION

It is known that all structural materials show damping to samtent. When subjected to time periodic loads,
a hysteresis can be observed and as a response to a Heategide stress or strain, creep or stress relaxation
occurs. The damping properties of some materials, suchoéers or polymers, are quite pronounced and cannot
be neglected when a structure containing these materiaiedgled.

Damping models which show good adaptivity to measured nahtiata can be obtained by introducing fractional
derivatives in the respective constitutive equations. djaication of fractional derivatives to viscoelasticigas
studied substantially by Caputo and Mainardi [5] and is ptally founded [3]. This concept results in fractional-
order differential stress-strain relations, that pro\gded curve-fitting properties, require only few parametansl
lead to causal behavior [1, 2]. Bagley and Torvik [4] derieethstraints for the material parameters of the 'frac-
tional 3-parameter model' in order to ensure a non-negatieznal work and rate of energy dissipation. Koeller
[7] suggested to replace the viscous dashpots in rheolagicdels by fractionally generalized elements which he
called 'spring-pots‘. The resulting constitutive relatsothen are consistent with thermodynamical principles [8]
An implementation of fractional constitutive equationtifrE formulations is given by Padovan [10]. Parameter
identifications in the time domain and in the frequency donfiaii the fractional 3-parameter model in conjunction
with 3D FE calculations were presented by Schmidt and G4yl Enelund and Josefson [6] studied formulations
of hereditary integral type in the FEM.

Since fractional derivatives are non-local operators, abielal behavior of 'fractional models’ depends on the
entire deformation history. Thus, in contrast to classicatlels, the numerical effort and the storage requirements
increase with simulation time if the response of a systenoisputed in the time-domain. Consequently, different
researchers [6, 12, 13, 14] made attempts to overcome thigbdick. Two of these concepts will be discussed and
compared in the following Sections.

2. NUMERICAL EVALUATION OF FRACTIONAL DERIVATIVES

In this Section, the approach made by Schmidt an Gaul [12igept A) will be introduced.



Using the Grunwald definition of fractional derivativese$6]
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A time-discrete approximation is obtained for a finite numbéor which the expressiotyn = At (G1-algorithm,
see [9])
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can easily be obtained. As can be seen from Eg. (3), the ncahensts explode with the numberof time steps
under consideration.

One basic idea for the reduction of the numerical effort isdduce the computational costs by adapting the
temporal resolution. Due to the fact that the Griinwald coieffits are converging towards zero for any order of
derivativea > 0 [12], events are faded out and possess a decreasing infloartbe evaluation of the fractional
derivative as time elapses. Using Eg. (3), the fractionaldeve of a functionf(¢) evaluated at the actual tinig
can be written as

oD f(t) = oDg (ta) f(£) + . DF, (ta) (1) , 4)
where the notation,D;(t,) shall denote the evaluation of the fractional derivativéhattime ¢, which may be
different from the upper termindl. By application of the G1 algorithm one obtains
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From Eqg. (5) it is obvious that+ k& = n is the total number of time steps up to the actual ttmeThe first term
oD¢ (ta) f(t) represents the contribution of the older part of the fumcsidristory to the fractional derivative. Ac-
cording to the basic idea, this interval, consisting:dfime steps, will be kept fixed during further time integratio
and its influence on the fractional derivative will be trebseparately. Aften additional time steps one obtains
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Using the recursive relationship (2) yields
_ i+n+a (i+n+a)(i+n+1—a)
D¢ (t, +nA =AtT A |1 fi+—— fi - - i
0 tl(t +n t)f(t) t +n+1 f+2+n+1f+1+ (Z+7’L+1)(Z+TL+2) .f+2+

t+n+a)i+n+l—a) - (i+n+k—2—a) 0

i+n+1)GE+n+2)---(i+n+k—1)
where T,, will be called the 'transfer function’. From Eq. (7) it can Been that all weighting factors in the
square brackets are positive but smaller or equal to unityaddition, as time elapses: (increases), they are
monotonically increasing and tend to unity. In order to @ethe numerical costs, the fact®y, , which includes
the contribution of function values, will be approximated asecontribution to the fractional derivative. This is
done by calculating the starting valiig according to Eq. (7) at the timg, and the value

Too = fi+ figr + fiza + -+ fizn—1 (8)

for t — oo . The time-dependent transfer froiy to T, is then approximated by a test functigitt) = 1 such
that
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T! - T}
TL — T}
in which the upper right bold-face indek denotes that the respective transfer function is caladlasing the test
function f(¢t) = 1. The quality of the approximated transfer function is dis®d in detail in [12].

T, ~ Ty + (Too —To) =To + wn(Too — Tp), wyn €0, 1) 9)

For longer calculation times several intervals, each ofileik At, are introduced as the number of time steps
increases.



2.1 Implementation of fractional constitutive equations nto the finite element method
Any general 3d fractional constitutive equation relating stresses and straing can be written in the form

Z a; QD?iO' = Z bj thﬂjE . (10)
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Using the Griinwald approximation (3) for all fractional Watives, Eq. (10) can explicitly be solved for the actual
stressew (t) which then depends on the actual stradi(s), the stress history and the strain history (cf [10, 11]).
From d’Alemberts principle, the equation of motion can béten in the form

/BTadV+Mii:f (11)

whereB contains the respective derivatives of the finite elemeapstunctionsM is the mass matrixu is the
vector of the displacements, afies the vector of the external forces. If one inserts the dstwesses from Eg. (10)
into (11), the system can be solved by an explicit time ird8gn scheme, such as the central difference method

u(t + At) — 2u(t) + u(t — At)

() = s (12)

For further details see e.g. [10].

3. CALCULATING A FRACTIONAL DERIVATE BY SOLVING A PARTIAL DIFFE RENTIAL EQUATION

In the following, the approach published by Singh and Chigtte[13] (concept B) is briefly summarized and
extended for a fractional 3-parameter model. Then, an aafur finite element calculations is presented.

A special partial differential equation (PDE)

gu(E ) +ETu(E ) =3(1), u(£,07) =0 (13)

with the solution )
u(é,t) =e " (14)

can be used to derive a method to calculate a fractional atesév[13]. Integration ovet yields the transfer
functiong(¢) of the system
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In general, the output(t) of a linear time invariant dynamical system is obtained bgvetution of the transfer
functiong(t) and the system input. By replacing the inp(t) in (13) by(t), one obtains

t

r(t):g(t)*i(t):/g(t—r / ”‘Dx dr (16)
0

q
) 7)
wherex denotes the convolution operator. Comparison of (16) vhighvell-known Riemann-Liouville definition
of fractional derivatives [9] with vanishing initial cortdins
t
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yields an alternative description of a fractional derivati

G 1 1 T
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which can be specified after solving the underlying PDE

Dule ) +ehulen) = #0), u(€,07)=0 (19)



3.1 Solving the PDE using the method of weighted residuals
The PDE (19) cannot be solved exactly for gengrahd:(t), therefore an approximation ef &, ¢)

u(é,t) = D ai(t)$i(§), (20)
=1

consisting of weighting functions; (¢t) and shape functiong; (£), is used. Inserting (20) into (19) yields a residual

n
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which is minimized using the weak form and the shape funapigii¢)
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In order to get rid of the improper integral in (22), a tramsfation of¢ on the unit intervalo, 1] is performed by
_ ¢
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which yields
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As we are interested to solve (24), we need to specify shapstifuns used to approximaten, t). Choosing for
example constant shape functions (see Figure 1), one sbtain
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and ¢n(n) = e i=1,2,...,n—1. (25)
0 elsewhere 0

bi(n) =

elsewhere

In order to allow analytical integration of the matrix eegipresented in the next part, we use an adaptive shape
functiong,, ().
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Figure 1: Constant shape functions on unit interva [0, 1]

3.2 Formulation in matrix notation

Later on, we want to solve a fractional derivative in conjimt with a structural finite element discretization.
Therefore, we switch to matrix notation noting that (24) tenexpressed as a system of first order differential
equations

Aa + Ba = ci(t) (26)

whereas
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Using this notation, one can finally express a fractionaivdéve as
1 n
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keeping in mind from the Riemann-Liouville definition (1Rgt (30) is only valid ifg € [0,1).

4. A SYSTEM BASED ON FRACTIONAL 3-PARAMETER MATERIAL MODEL

Damped structures can be modeled efficiently by the use ddicidnal 3-parameter material model [11] (see
Figure 2) whose constitutive equation is given by
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Figure 2: Fractional 3-parameter model

The appropriate equation of motion has the form

q q
Eaz,'JrCac+D:zc+Edd—:zc+F:c =Gf(t)+
Since (30) can only be applieddfe [0,1), the fractional derivative of in (32) cannot be evaluated directly by
setting

il s, (32)

d? dq+2
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Instead, by introducing an additional dashpot« 1 in parallel to the fractional dashpot (see Figure 3), one get
an extended fractional 3-parameter model which finally $eada third order equation of motion of the form

(33)
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which can easily be transformed to a set of first order diffeatequations.

— f(t) +I£(t) (34)

4.1 Solving a 1-DOF system
After transforming (34) into a set of first order differet#guations using

ry=x, we=2a and x3=7, (35)

on can replace each fractional derivative by (30). In thiofahg, this process is illustrated for a 1-DOF system
as shown in Figure 4. Introducing the abbreviatidlas = Fy + E1, the ratio of damping constanis= R/R and

; Ei a?

F =210 + gz F0) + F0), (36)
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Figure 3: Extended fractional 3-parameter model

one finally getsi; = x5, #2 = x3 and

. a? E E Ey d? EyE 1 ;
3332—7@553—71963—%332—7%*3?1— 0~1£1+Ef' (37)

If the external forcef (¢) is known in advance, thefican be calculated after evaluating
a) = —A"'BaP) + A lef(t) (38)

whereas the indekf) in a/) denotes the application of (38) for the calculation of theemal forcef(t). The

Figure 4: Mass attached to extended 3-parameter matera@dimo

remaining fractional derivatives in (37) can be replaced by

dq m—1.T (x3) E01 dq E()l
Vgt ® T ea™ and = Rpge & =y

Ite'al®) (39)

whereas the abbreviatidh= I'(1+¢)I'(1—¢) is used. (39) can be evaluated calculating two systemsfefeliftial
equations
a®) = — A Ba™®) + A7 cig(t) and a®) = —A"'Ba) + A7 eiy (1) (40)

Since (37) and (40) have to be calculated together, one tadirce an extended system of differential equations
containing both systems
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4.2 Finite element spatial discretization

In order to use the presented algorithm in conjunction witimite element spatial discretization, it is possible to
write the matricesA to I in (34) for a 2-node finite element of a rod. In this case ons get

~ pAl| 2 1
CZG[l 2} (42)

for the 'mass matrixC, whereas denotes the material density,describes the rod’s cross section area &isd
the element’s length. All other matrices can be determiesgectively.

5. EXAMPLE

As an example, a viscoelastic rod (lengdtk- 2 m, cross section ared = (7,5 mm)? ), that is initially at rest is
considered. Its left end is clamped whereas on the free ematamal forcel" = 1000 N is acting in form of a
step function in time. Thus, a free vibration is excited,rtasged by a creep process.

The rod is discretized bg0 finite elements. In order to compare the concepts A and Bngivehe previous
sections, the calculation is carried out using both apgres@nd compared with a reference calculation which is
obtained using the discretized Griinwald approximationomjenction with the complete temporal resolution as
described in Section 2. The parameters used in concept A-are00, k& = 400 whereas in concept B = 11
finite elements were chosen.

The material under consideration is a thermoplastic potyielrin, DuPont) and its material constants given in
Table 1 are found by frequency-domain measurements [11¢ di$placement of the rod’s trip and its neutral

Ey = 2989.53N/mn? | E; = 192.92 N/mm?
R = 5.276 Ns?/mm?’ q=0.5

Table 1: Material parameters

position are calculated for a total simulation time of 1dngsa time step sizé\t = 25 - 10~%s which leads to
40000 time steps. The results are shown in Figure 5. A comparisderins of the computational costs and
accuracy is shown in Table 2 where the acquired time and merasources of the reference calculation are taken
to be 100%. The neutral positien,, is calculated from 3 subsequent extrema of the free vibration by

2
Uex,1Uex,3 — uex,Z

(43)

Upp =
Uex,1 — 2uex,Q + Uex,3
which gives a second-order approximation. The results laogvs in Figure 6. The asymptote of the neutral
position can be determined analytically by
FY
tlggo Unp = A = 3.786 mm (44)



The scattering that can be observed in the beginning of tloailation is due to the higher harmonics which are
excited by the force step function. Due to the damping theyadit quite quickly. For the concept B there also
seem to be some numerical reasons for the pronounced digirib
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Figure 5: Decaying oscillation of the tip’s free end; refere calculation (upper), concept A (middle) and concept
B (lower)

6. CONCLUSIONS

Time-domain calculations of structures whose constituéquations include fractional derivatives lead to high
computational costs, especially for large numbers of tilmps In this paper, two different concepts resulting in
a drastical reduction of the numerical effort were compavél a costly reference calculation. Therefore, a new
algorithm suggested by Singh and Chatterjee was extendefildotional three-parameter model and included into
a structural finite element discretization. Both conceptsasvery good performance concerning the reduction of
calculation time. Also, the results in terms of frequenegep process and decaying behavior are in good agree-
ment with the reference calculation, where the algorithnsSimgh and Chatterjee shows an increased scattering of
the creep data. An advantage of this new algorithm is givetihéyact that the time integration is unconditionally
stable. Therefore, larger time steps are possible. On tie band, the storage requirements increase drastically.



concept reference calculation concept A| concept B
frequency 184.19 Hz 184.17 Hz| 184.30 Hz
logarithmic decrement 4.05% 4.02% 4.22%
cpu-time 100% 3.51% 1.25%
storage 100% 52% 779%

Table 2: Comparison of accuracy, cpu-time and storage reeaints of the different concepts

w w
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Figure 6: Calculated creep of the neutral position; refegetalculation (solid), concept A (crosses), concept B
(circles)

In addition, more general fractional constitutive equagiconsisting of more than one fractional element are not
straightforward to implement.
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