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Abstract: Using the non-standard geometric structure proposed by Loos [29],
we present a coordinate-free formulation of the theory for time-dependent finite-
dimensional mechanical systems with n degrees of freedom. The state space
containing the system’s information on time, position and velocity is defined
as a (2n+1)-dimensional affine bundle over an (n+1)-dimensional generalized
space-time. The main goal is to present a geometric postulate that character-
izes a second-order vector field whose integral curves describe the motions of a
time-dependent finite-dimensional mechanical system. The core objects of the
postulate are differential two-forms on the state space, called action forms, which
are in a bijective relation with second-order vector fields. The requirements for
a differential two-form to be an action form allow for a coordinate-free definition
of non-potential forces, which may depend on time, position and velocity. Fi-
nally, we show that not only Lagrange’s equations but also Hamilton’s equations
follow directly as mere coordinate representations of the same coordinate-free
postulate.

1 Introduction

In a coordinate-free description of time-independent finite-dimensional mechan-
ical systems the n-dimensional configuration manifold @ and its 2n-dimensional
tangent or cotangent bundles T'Q) and T7Q), respectively, play a central role. For
time-dependent mechanical systems, however, time needs to be included in the
space on which the related physical theory is formulated. A straightforward ap-
proach to incorporate explicit time-dependence is to consider the extended state
space RxT'Q, or to extend the phase space as RxT"*Q. Both are spaces on which
time-dependent Lagrangian and Hamiltonian formalisms have been established,
see [9, 33, 36] and [1, 2], respectively. However, the physical interpretation of
these spaces is problematic because their structure as Cartesian product as-
sumes the existence of an absolute space @, which is independent of time. This
assumption can be dropped when using the concept of a Galilean manifold as
introduced by Dombrowski and Horneffer [10, 11]. Therein the Galilean man-
ifold M is defined as an (n+1)-dimensional smooth manifold equipped with a
time-structure and a Galilean metric. While the time-structure allows to mea-
sure the temporal distance between two points of the space-time manifold, the
Galilean metric captures the inertia of the mechanical system.

It was Loos in [29, 30], who seized the idea of the Galilean manifold and
defined the state space of a mechanical system as a (2n+1)-dimensional affine
subbundle of the tangent bundle of M. Following Souriau [40], Loos character-
izes the motion of a finite-dimensional mechanical systems using a differential
two-form defined on this state space. The general approach of using two-forms
in this context can be traced back to Elie Cartan’s lectures on integral invariants



[7]. Including the study of bilaterally and unilaterally constrained mechanical
systems, Gallissot [14] demonstrates that the use of differential two-forms leads
to a far-reaching approach in the description of finite-dimensional mechanical
systems. Souriau’s book [40] clearly pursues the way taken by Elie Cartan and
Frangois Gallissot. Indeed, the link can be formally made because the work of
Gallissot is one of the few references given by Souriau.

By his “Maxwell’s principle”, Souriau [40] focuses on the study of mechani-
cal systems that are subjected exclusively to potential forces. In [29, 30], Loos
recognizes this principle as too restrictive and proposes a geometric theory for
time-dependent finite-dimensional systems that can also deal with nonpotential
forces, i.e., a rigorous differential geometric formulation that can cope with the
requirements from the classical formulations of analytical mechanics, cf. pp. 79
of [35]. For the time-independent case, already Godbillon [15] incorporated non-
potential forces in his theory by studying the geometry of the double tangent
bundle of the configuration manifold. Much of the mathematical structures ex-
posed by Godbillon reappear in the description of time-dependent systems. The
works of Lichnerowicz [28] and of his student Klein [18] deal with the descrip-
tion of mechanical systems involving nonpotential forces within the calculus of
variations.

An alternative branch of research that applies and explores the geometric
structures of the Galilean space-time has emerged under the name Newton—
Cartan theory [44, 16, 11, 20, 12, 31, 38]. Newton—Cartan theory formulates
Newton gravity within an intrinsic geometric framework in an analogue way to
general relativity. More recently, Bekaert [3] has come up with a generalization
of the Newton-Cartan theory in which an extensive discussion on different space-
time models is presented.

Let us come back to Loos’ theory, whose transmission has been quite an
odyssey. In fact, his contributions have almost fallen into oblivion. The main
source [29], which is written in German, is a typescript related to a seminar
held in the winter semester 1981/1982 by Ottmar Loos and Josef Rothleitner at
the University of Innsbruck in Austria. Since the script has never been officially
published, it can only be found at an antiquarian bookseller or one can get it
accidentally from one’s PhD advisor; this is what happened to the first author
of this publication. Ironically, the declared objective of the script [29] was
to make the results known in the French school of mechanics available to the
German-speaking scientific community. With the rigorous definition of time-
dependent nonpotential forces, the typescript written by Loos goes definitively
beyond the French school in those times and also beyond recent findings. Among
other results, only parts of the script are contained in the paper [30] that was
published in English. Nevertheless, until the submission of this work in 2019,
the latter paper has been ignored anyway.! To the authors’ knowledge, the
discussed results have only partly made their way into the English literature
centered around the standard textbook [1] and the English references therein.
Many of the mathematical results are available in English in [27] and [33]. More
recent publications on the subject such as [32], [34], [6], [39], [4] or [8] ignore the
contributions of Loos. It is not astonishing that one can find recent publications
such as [5], which claim to extend the theory while ignoring the existing results.

One aim of this paper is therefore to communicate and popularize the con-

I According to Google Scholar it has been cited only three times until December 2019.



tributions of Loos; an objective that has started with the PhD thesis [45]. The
theory of Loos provides a geometric description of finite-dimensional mechani-
cal systems that does not involve restrictive assumptions such as the limitation
to time-independent systems or the exclusion of nonpotential forces. Another
goal is to establish a single postulate from which various classical results about
finite-dimensional mechanical systems can be deduced. In particular, we show
in this paper how Lagrange’s and Hamilton’s equations follow directly as dif-
ferent coordinate representations of the same coordinate-free postulate. In the
time-dependent case, we can thus unite the Lagrangian and the Hamiltonian
side which often appear as “separate” worlds in time-independent formulations.

The present paper uses the language of differential geometry as presented
for example in [26, 25, 42]. In Sect. 2, we introduce frequently-used notation to
facilitate reading and to avoid ambiguities. In Sect. 3, we define the generalized
space-time as Galilean manifold. The state space and the motion of a mechan-
ical system are discussed in Sect. 4. Thereafter, the main achievements of Loos
are presented in the Sects. 5 — 9. In Sect. 10, we study the appearance of inertia
forces when changing the frame of reference in a generalized sense. Moreover,
we give a distinct condition for which a force two-form is a potential force. Sub-
sequently, the Lagrangian and the Cartan one-form are discussed in Sect. 11.
Finally, in Sect. 12, we give a coordinate-free postulate that describes the dy-
namics of a time-dependent finite-dimensional mechanical system subjected to
nonpotential forces.

2 Notation

Let M be a smooth manifold, then T,/ denotes the tangent space of M in p.
The tangent bundle of M is denoted as T'M. The set of all smooth sections of
a vector bundle E over M is I'(E), such that the set of all vector fields on M is
given by Vect(M) :=I(T'M). The evaluation of a vector field v € Vect(M) in a
point p € M gives

v(p) = (p, Up)7 where v, € T,M .

We will use an analog notation for tensor fields. To distinguish the evaluation
v(p) of a vector field v in a point p € M from its action as a derivation on a
smooth function f € C*(M), we write the latter as v[f]. We denote by L,
the Lie derivative with respect to the vector field v € Vect(M). Using d for the
exterior derivative, we have the identity

Lof =v[f] =df(v)

for any smooth function f € C°°(M). The space Vect(M) is equipped with the
Lie bracket [-,-] defined as the commutator of derivations on smooth functions.
The space of (differential) k-forms is denoted as Q¥ (M) and the set of differential
forms of arbitrary degree as Q*(M). By v_w we denote the interior product
between a vector field v € Vect(M) and a differential form w € Q*(M).

We use Einstein’s summation convention implying a summation from 1 to n
whenever an index ¢ appears once as an upper and once as a lower index, e.g.

i 0 _ N0 0 i N0 o
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3 Space-time

To model the generalized space-time of an n-dimensional time-dependent finite-
dimensional mechanical system, we introduce an (n+1)-dimensional smooth
manifold M. We assume M to be endowed with a non-vanishing closed one-
form ¢, which we refer to as time structure on M. By the Poincaré lemma, the
time structure defines local time functions t: M 2 U — R such that dt = 19|U.
The temporal distance of two events p,q € U is then t(gq) — t(p).

A chart (U, ¢) of M given by

¢: M DU —=R"™ prs o(p) = (2°,...,2") (1)

is adapted to the time structure if 19|U = da?0, i.e., the first coordinate function
29 is a time function. In this case, the coordinate x° is a local time coordinate
and we will often use ¢ instead of z° to denote it. In what follows, we will
restrict our considerations to adapted charts. The existence of adapted charts
is guaranteed by the existence of time functions and the fact that 1 is nowhere
zero. Therefore, the adapted charts provide an atlas of M. The change of
coordinates

Yoo l:p(UNV)=4(UNV), (2%...,2") = (°,...,y")
between two adapted charts (U, ¢) and (V, ) of M with U NV # ( is given by

y0 =0 + const.,
yi :1/}io¢_l(x07"~7$n)7 Z: 1,...,7’L7

where 9': V — R denotes the i-th coordinate function of the chart 1.
The (n+1)-dimensional manifold M is foliated by the time structure . To
see this, we introduce the space of spacelike vectors in p € M as

AIM = ker 9, = {v, € T,M |9,(vy,) =0} C T,M (2)

and the corresponding subbundle of the tangent bundle T'M to the generalized
spacetime M as
AN = | ({p} x AgM) cTM, (3)
pEM

which we call the spacelike bundle of M. Indeed, A°M is a subbundle of the
vector bundle TM because each chart (U, ¢) of an adapted atlas of M induces
the smooth local sections
0 0

8x1""’8x"'U_>TM (4)
that provide a basis for AgM at each p € U. Consequently, A°M is a distribution
of rank n on M defined by the time structure . This distribution is involutive
by Proposition 19.8 in [26] as d = 0 annihilates the distribution trivially.
By the Frobenius theorem (see Theorem 19.12 in [26]), the distribution (3)
is completely integrable. Moreover, A°M defines a foliation according to the
global Frobenius theorem (Theorem 19.21 in [26]). The leafs of this foliation
are just the codimension-one submanifolds of synchronous events that can be
distinguished in classical mechanics.



In order to model the inertia of the system, the vector bundle A°M is
equipped with a bundle metric? ¢ called Galilean metric. The Galilean met-
ric is a tensor field, for which in each p € M the tensor g, is symmetric and
positive definite.

The above construction can be summarized in the following definition.

Definition 1 ([29], pp.5-6). An (n+1)-dimensional smooth manifold M with a
time structure ¥ and a bundle metric g that endows the subspaces AgM with an
inner product for all p € M is called a Galilean manifold denoted as (M, 4, g).

4 State space and motion

In the previous section, we defined the spacelike bundle A°M of a manifold
M equipped with a time structure ¢ € Q'(M). Similarly, we define the time-
normalized bundle as the affine subbundle of TM given by

A= | ({p} x A;,M) cTM, (5)
peEM

where in each point p € M, the affine space of time-normalized vectors in p is
defined as
AM = {v, € T,M |9,(v,) =1} C T, M. (6)

The evolution of the configuration of a mechanical system is a time-para-
metrized curve
v:RDI—= M, 7+ (1) (7)

in the Galilean manifold (M,d,g). A time-parametrized curve is defined as a
smooth sequence of events with ¥(¥) = 1, where 4 denotes the tangent field
along 7. The local time coordinate ¢ increases monotonically along a time-
parametrized curve because locally

. . . d
L=9(4) = di(y) = A[t] = = (to (7). (8)
Consequently, the time coordinate is an affine function along =, i.e.,
to~y(r) =71+ 70,

where 79 € R is a constant. The condition ¥(¥) = 1 motivates the following
definition of the state space of a mechanical system.

Definition 2. Let (M,d,g) be the Galilean manifold of a finite-dimensional
mechanical system. The state space of the mechanical system is the time-
normalized bundle AWM.

2If the fibers of a vector bundle are equipped with an inner product that smoothly depends
on the point in the base manifold, one speaks of a bundle metric. See Definition 1.8.11 in
[17]. A bundle metric is the generalization of a Riemannian metric on a manifold to arbitrary
vector bundles. Indeed, a Riemannian metric on a manifold is just a bundle metric on its
tangent bundle. For this reason some authors, see Definition 6.42 in [25] or p.308 in [42],
designate a bundle metric as Riemannian metric. We abstain from doing so since it might
lead to confusion.



The coordinate vector fields induced by an adapted chart ¢: p — (t, A ,x")
can be used to express a time-normalized vector v, € ALM as

I
78tp ozt

9)
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P

Accordingly, any adapted chart ¢ induces a corresponding natural chart of the
state space A'M as

®: A'M D 77 1(U) — R* T (p,vp) — (t,acl7 ettt ,u”) , (10)
where
7 AM — M, (p,v,) — p (11)
is the natural projection of the affine bundle A™. The state space A'M is
canonically endowed with the time structure

0=, (12)

which is the pullback of the time structure of M by the natural projection (11).
The natural chart (10) is an adapted chart with respect to the time struc-
ture (12) of A'M because it holds that

A

ey = dt.

A second-order curve is a curve
B:RDI— AM, 7 B(1) (13)

in the state space A'M that is time-parametrized with respect to 19, ie. 19(6) =1,
and satisfies the condition

B=(mop). (14)

Hence, the curve 8 corresponds to the (time-normalized) tangent field along its
(time-parametrized) projection v := 7 o 8 onto the base manifold M, i.e., by
condition (14) it follows that

p=5:1— AlMa T = (7(7-)7;7’7(7'))' (15)

Definition 3. Let (M,d,g) be the Galilean manifold of a finite-dimensional
mechanical system and let A'M be the corresponding state space. A motion of
the mechanical system is a second-order curve in the state space.

Let a second-order curve 3: I — A'M be the integral curve of a local vector
field Z € Vect (AlM)7 ie.,
B(r) = Z(B(1)) , (16)

then the vector field Z cannot be arbitrary. First, the latter needs to be time-

normalized such that .
9(Z)=1. (17)

Second, the vector field Z needs to obey the second-order condition

Dr Z = idawy. (18)



Indeed, condition (14) together with (16) lead to
B:(WOB)':DWB:DWZOﬁ, (19)

where Drr: T(AlM ) — TM denotes the differential of the natural projec-
tion (11). Because condition (19) has to hold for arbitrary integral curves
B: I — AM, the second-order condition (18) follows.

A vector field Z € Vect(A'M) that satisfies conditions (17) and (18) is
called a second-order (vector) field. Second-order fields can be equivalently
characterized using local coordinates by requiring a vector field Z € Vect(AM)
to be locally expressible in every natural chart (10) as

o .o .0
Z_g—’—u@xi—i—zau“

(20)

with n smooth functions Z?. From the local expression (20) it is apparent
that second-order fields can only differ by the coefficients of their 9/0u’ part.
Moreover, the differential equation (16) related to a second-order field Z is a
system of second-order differential equations in first-order form

i(r) =1,
x(7) = u(r), (21)
u(r) = Z(t(T),X(T), u(T)),

where we adopt the notation that quantities a',. .., a" are gathered as R"-tuples

a = (al,...,a"). The first equation of (21) can be solved to
t(r) =toB(r) =7+ 10, (22)

where 79 € R denotes a constant. The remaining equations of (21) are equivalent
to the second-order differential equations

%(r) =12 (t(T), x(7), X(T)) .

In the study of finite-dimensional mechanical systems, we are interested in
modeling the second-order field Z, which characterizes all possible motions of the
system by (16). Differential forms are particularly useful for the characterization
of vector fields. With the time structure ¥, we have already used a differential
one-form to define the sets of spacelike (2) and of time-normalized vectors (6)
on M, respectively. Furthermore, we have used the pullback 0 of the time
structure ¥ on M to characterize time-normalized vector fields on AM (see
equation (17)). From the local expression (20), we deduce a characterization
of second-order fields using differential forms. We define the local one-forms

0l,...,0" € QY (x~Y(U)) as
0" = dz’ — u'dt, with i=1,...,n (23)
and formulate the second-order condition as
Z e ker(0')N---Nker(f") and 9(Z) =1,

i.e., on 7~ 1(U) C AM the vector field Z on A'M needs to be time-normalized
and it has to lie in the distribution defined by the differential one-forms (23).



The remaining n free coefficients in the local representation of Z can be pre-
scribed by requiring Z to lie in the distribution on A'M defined by the n one-
forms

o= du! — Zdt, with i=1,...,n. (24)

Vector and covector fields (or one-forms) on the state space AM are sections
of the bundles T(A'M) and T*(A'M), respectively. Therefore, we start by
studying the geometric structure of these two vector bundles following [29].

5 Galilean manifolds and their related bundles

The differential of the natural projection (11), Drr: T(AM) — T M, defines the
vertical bundle

Ver(A'M) = ker Drr = U ({a} X kerDmI) , (25)
acA'M

which is a subbundle of the tangent bundle T'(A'M). For any point a € AM
the space of vertical vectors in a is denoted by

Ver,(A'M) = ker Dmry = {w € T,(A'M) | Dmro(w) = 0}. (26)

A section V€ I'(Ver(A'M)) of the vertical bundle is called a vertical vector field.
Let (U, (b) be an adapted chart of M and consider the corresponding natural
chart (10) on the neighbourhood 7=1(U) of AM. A vertical vector field V' can
then be expressed as

.0
V == V’Li,
Out’
because the vectors 5 5
e 27
oul|, T oun|, (27)

provide a basis of Ver,(AM) for points a € 7= }(U) C AM. The vertical
subbundle (25) naturally appears in the study of second-order fields because
the difference of two second-order fields is always a vertical vector field. This
can be seen from the local expression (20) of a second-order field.

The space Ver,(AM) defined by (26) can be also seen as the tangent space to
ALM at the point a € A'M with p = 7(a). Since A, M is the affine hyperplane
in T, M defined by the equation 9,(v) =1 for all v € T, M, the tangent space
to AyM can be identified with kerd, = AJM defined in (2). Accordingly, we
have the pointwise isomorphism

17\ ~v A0
Vera (A M) = AW(G)M (28)
for all @ € A'M. This isomorphism can be locally expressed as

0
out

. 0
oz’

a

7(a)

using the basis vectors from (27) and (4).



By the isomorphism (28), the bundle metric g (see Definition 1) on the bun-
dle A°M of spacelike vectors induces a bundle metric § on the bundle Ver(AM)
of vertical vectors that is defined as

) ; (30)
w(a)

o - 0
ga 8“1 " T gﬂ'(a) 8m1

for all @ € A'M. While the bundle metric g on A°’M can be locally written as

0

,—
. Ou’

9
(a) OxJ

g = gi; dz' ® da? (31)
it follows by (30) that , 4
g = gijom du’ ® du’. (32)

For the sake of brevity, we will often write g;; instead of g;;om for the coefficients
in (32).

An arbitrary tangent vector w € T,(A'M) is mapped to a spacelike vector
at the point 7(a) by the map

& T (A'M) — A?r(a)M, w — D7g(w) — Pr(a) (D7a(w))a. (33)

To see this, we need to check if £(w) lies in the kernel of the time structure ¥.
Using p = w(a), we calculate that

Uy ({(w)) =1, (Dﬂa(w)) -9, (Dﬂa(w))ﬁp (a) =0

because ¥p(a) = 1. Using the concatenation of the isomorphism (28) and the
map (33), we can define a vector bundle homomorphism over AM

w: T(AM) — Ver(A'M), (34)

which we call the vertical homomorphism of the state space AM. TIts local
expression with respect to the natural chart (10) is given by

'u“|7r—1(U) ~ ou Q0 = o

® (dxi - uidt),

where the 6% are the one-forms of (23). Apparently, the map (34) is surjective
and it holds that u(V) = 0 for all local sections V of Ver(AM) and that
w(Z) = 0 for all second-order fields Z.3 The map (34) defines an endomorphism
of the bundle T(A'M) when considered as map

w: T(A'M) — T(A'M).
There is no canonically defined ‘horizontal’ subbundle

Hor(A'M) = | ({a} xHora(AlM)) C T(AM) (35)
ac€AIM

3A theory for time-independent mechanical systems can be formulated on the tangent
bundle of a time-independent configuration manifold. We refer to the work of Godbillon [15]
for such a presentation. Godbillon uses a similar homomorphism as (34) that canonically
exists on the double tangent bundle of any differentiable manifold. It is known as the vertical
endomorphism of the double tangent bundle (see [15, Chapter X] or [33, Section 2]).



that would complement the vertical bundle Ver(AlM ) such that the tangent
bundle T(AlM ) would split as

T(A'M) = Hor(A'M) & Ver(A'M) . (36)

In the study of tangent bundles (and double tangent bundles), it is well-known
that the choice of a particular second-order field induces such a splitting, see
for example [46] or [33]. There are several ways to define the horizontal bundle
that results from the selection of a second-order field Z € Vect(AM).
Following [30, p. 280], we consider the vector bundle homomorphism

n: T(A'M) — T(A'M) (37)

defined by

1(X) = 5 (12, w(X)] - ([Z, X)) + X ~ §(X)2) (39)

for all X € Vect (AlM ) Indeed, one easily verifies that

n(fX +gY) = fn(X) +gn(Y)

for all f,g € C*(A'M) and all X,Y € Vect(A'M) such that (38) defines a
vector bundle homomorphism over A'M. The local coordinate expression of 7
reads

0 ; 0 . ; 107 » ,
= . b= . du' — Z'dt — = — (da’ — u’dt
1= gu O 8u’®<u 28u3(x “ )>’

where we have introduced the one-forms

. . < 107
V=dut - Z'dt — = -
N v 2 ouJ

(dxj — ujdt).

Note that the coefficients Z¢ denote the defining coefficients of the second-order
field Z from (20). The vector bundle homomorphism 7 has the property that

n Ver(AM) = idver(AlM)'

Hence, it holds that 1 o n = i such that n is a projection onto Ver(AlM) and
consequently
T(A'M) =kern @ Ver(A'M) .

In view of (36), the kernel of n defines a horizontal subbundle
Hor(A'M) = kern .

One can easily convince oneself, that ker pMker 7 is a line bundle that is spanned
by the second-order field Z.

6 Basic and semi-basic differential forms

We have already seen that differential forms can be used to characterize vector
fields. There are two types of differential forms that will reveal useful in the

10



definition of forces, the so-called basic and semi-basic forms. The natural pro-
jection m: A — M is a surjective submersion. Hence, the pullback by the
natural projection
T QN (M) — Q*(A'M)

is an injection of the differential forms on M to those on A'M. These forms
on AM that are given by im * C Q*(AM) are called basic differential forms,
because they result from pulling differential forms on the base manifold M back
to AM.

A differential I-form w on A'™M is called semi-basic if w(Xl, e ,Xl) =0 as
soon as one of the vector fields X; is vertical, or differently said, if the interior
product V _w vanishes for any vertical vector field V. An equivalent statement
is that the local representation of w with respect to the dual basis induced
by the natural chart (10) does not contain terms in dul',...,du™. The chart
representations of the coefficients however may depend on u',...,u", contrary
to those of basic forms. Note that basic forms are semi-basic.

The vertical homomorphism (34) allows us to define a differentiation oper-
ation? on differential forms on A'M with the property that the subalgebra of
semi-basic forms is closed under its operation. Using the vertical homomor-
phism, we first define the derivation

D,: O (AM) — Q*(A'M)

by the condition

(D) (X1, .., Xp) =Y w(Xn,. o, u(Xo), ., X0 (39)
i=1
where X1,..., X, are arbitrary vector fields on A'M. The operator D, is linear,

does not alter the degree of the form, is distributive over the wedge product and
satisfies

D,f=0, D,(dz')=D,(dt)=0, D,(du’)=da’—u'dt,

where f is a smooth function on A!M. Using (39) and the exterior derivative d,
we define the linear operator

0:=D,0od—doD,.

The operator 0 is an anti-derivation on the exterior algebra of differential forms,
increases the degree of a form by one and obeys the following rules

of

7= pu

(de' —u'dt), 9(da') =a(dt) =0, O(du')=du'Adt,  (40)

where again f denotes a smooth function on A'M. Moreover, it holds that

Jdod=—-dod (41)

4The vertical homomorphism is an example of a vector-valued differential form. It holds
in general that vector-valued differential forms come along with certain derivations. We refer
to [13] for the general theory. We will make use of the differential concomitant of the vertical
homomorphism (34) while in time-independent mechanics, the differential associate of the
vertical endomorphism of the double tangent bundle is of interest (see [15, Chapters X and
XI] as well as [33, Section 2]). See also [19].
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because of d2 = 0. However, 9% # 0 but
9w =9 A dw, (42)

where 9 denotes the time structure on A™M. To prove (42), it is enough to see
that 02 and w — U A Ow are derivations that coincide on zero- and one-forms.
By induction (42) holds for forms of arbitrary degree. From the rules (40), it
becomes obvious that 0 maps semi-basic forms to semi-basic forms. Let Z be a
second-order field and let w be a semi-basic I-form. Then Z_w is a semi-basic
(l — 1)-form that is independent of the specific choice of Z. Indeed, if Z’ denotes
another second-order field, then it holds that Z’ = Z + V where V is a vertical
vector field. The following formula holds

(Z-w) + Z 0w+ 9 A (Zow) = lw. (43)

To prove (43), one considers that the left-hand and the right-hand side represent
derivations of the algebra of semi-basic differential forms that agree on the
semi-basic zero-forms (smooth functions) and on the semi-basic one-forms and,
therefore, are equal by induction.

7 Action form of a second-order field

In the study of finite-dimensional mechanical systems, we are interested in mod-
eling the second-order field Z, whose integral curves define the motions of the
mechanical system. As mentioned at the end of Section 4, differential forms are
particularly useful for the characterization of vector fields. For this purpose, as
it was suggested by [29, p.20],%> the surjective vector bundle homomorphisms
n: T(AM) — Ver(AM) and p: T(AM) — Ver(AM) together with the bun-
dle metric (30) can be used to define a differential two-form Q on AM as

QX Y) = g(n(X), u(Y)) = §(n(Y), (X)), (44)

for all X|Y € Vect (AlM ) Because i depends on the choice of a second-order
field Z, we call Q the action form of Z. The local expression of the action
form (44) reads

sy = giam N0 )
P VA 45

(dxk — ukdt)> A (dajj — ujdt).

The following theorem gives necessary and sufficient conditions for a two-form
to be the action form of a second-order field.

Theorem 1 ([29], p. 21 and p. 24). Let (M, 19) be a manifold with time structure.
A two-form Q on A'M is the action form of a second-order field Z if and only
if it satisfies the following conditions:

(i) Q vanishes on ker p, i.e.,
Q(X,Y) =0

for all X, Y with p(X) = p(Y) = 0.

5See also p. 280 in [30].
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(ii) Q2 defines a bundle metric g on A°M, i.e., the matriz

o 0

is symmetric and positive definite for all charts.
(#ii) 092 = 0.
The second-order field Z is the only vector field on A'M for which
Z.Q=0, 9(2) =1.

Proof. The necessity of (i) is clear by definition (44) and the necessity of (ii)
follows directly from the local expression (45). Direct calculation with (45) and
the rules (40) shows that 9 = 0. We have just proven, that the action form of
Z defined by (44) has the properties (i)—(iii).

To prove sufficiency of (i)—(iii), we assume the two-form  to satisfy these
conditions. Consider the vector bundle homomorphism

f:T(AM) — T*(AM) (46)

defined by .
f(X)=X_Q. (47)

for all X € Vect(A'M). By property (i), the homomorphism (47) cannot have
full rank 2n+1. Because the 2n one-forms 9/0u’.Q, 9/0x' Q) are linearly

independent, the homomorphism has constant rank 2n. Indeed, by properties
(i) and (ii), it follows from a'@/0u’-Q + b'0/dx' 2 = 0 that

0= (“ aw“) (a«u) o (aw”> (am)
(0 0 i 0 9\
:“Q(mw)”Q(axwauﬁ—o"’%’

i.e., that b = 0, and thereby that

i 9 O ) _aia(L 2 Zay,
0= (w505-2) (507) =2 (g 05 ) = 0

i.e., that a® = 0. For reasons of brevity, we also say that 2 has rank 2n.
Consequently,

ker Q == ker f = {(a, X,) € T(A'M) | X,2Q, = 0}

is a line bundle.
For a subspace W C T,(AM), the orthogonal complement with respect to
the bilinear form €, is defined as

Wt ={X, € T,(A'M) | Qu(Xa,Y,) =0 VY, € W} .
By condition (i) ker u, C (ker p1,)", which implies

n+ 1 = dimker p, < dim(ker )" .

13



By definition, the orthogonal complement (Ta(AlM ))L coincides with the one-
dimensional subspace ker €2,. This leads to an upper bound of

dim (ker p1)* = dim T, (A'M) — dim ker p1,, + dim ker g, N (Ta(AlM))L
<@n+1)—(n+1)+1=n+1,

where we have used the dimension formula of Proposition 2.13 in [45]. By
dimension, we conclude that

ker 1, = (ker p1q)t .

It is easy to see, that any Z, € ker Q, is an element of (ker s1,)" and therefore
ker Q, C (ker o)t = ker pig, .

By (ii), Z, cannot be a vertical vector. Moreover, since ker p, is spanned by
Ver,(A'M) and 0/0t|, + u'(a)d/0z"|,, there exists an element Z, in ker Q, of
the form

—g +ui(a) 4
ot " ozt

which is the sole vector in ker ), satisfying @a(Za) = 1. Thus, the conditions
Z_.Q =0 and J(Z) = 1 characterize the unique second-order field Z pointwise
given by (48).

It remains to be shown that  is the action form of the second-order field
Z defined by (44). For this, we consider the basis Z, 8/0xz%, 8/0u® and its dual
one-forms dt, §* = da’ — uidt, \' = du’ — Z'dt. By (i) and (ii), © has the form

0

Za Z'(a) o

(48)

a a

O 0N, s o

Ozt 9z
= gij (du’ — Z'dt) A (dz? — u’dt)

Direct calculation of 92 = 0 shows that

of 0 O\_1(, 075 ozt
0z 0z )~ 2\I*aui Yk gy

and, by (45), proves the assertion. O

+ ;Q( 0 9 )(dxi - uidt) A (dxj - ujdt)

In view of (23) and (24), one might be tempted to use the locally defined

two-form
Q =g XA = gi;(du’ — Z°dt) A (da? —wdt), (49)

to characterize the second-order field Z. Computations in local coordinates show
that €' has the properties (i) and (ii) of Theorem 1 and defines a second-order
field Z by Z_Y = 0 and 9(Z) = 1. As discussed in [30] however, this two-form
is not well-defined as it is not independent of the choice of the adapted chart.

Note that the two-form (49) can essentially be found in [14], p. 153, and [40],
p. 132 (respectively on p.129 of [41]). As the authors of the references do not
work on Galilean manifolds, some caution is advised here. Nevertheless, both
authors define a two-form which looks like (49).
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8 Forces

Consider two second-order fields Z; and Z, on the state space A'M of a me-
chanical system. As two second-order fields can only differ by a vertical vector
field, it holds that

Zy =21+ V, (50)

where V is a smooth section of the vertical bundle Ver(A'M). This vertical
vector field can be interpreted as (relative) acceleration between Z; and Zs.
The bundle metric § defined in (30) induces the bijection

g : T(Ver(A'M)) = T(Ver(A'M)), V> F=3-V (51)

between smooth sections of the vertical bundle Ver(A'M) and sections of the
dual of the vertical bundle Ver*(A'M), where § -V is the one-form g(-, V).

If we consider the Galilean metric to model the mass of a finite-dimen-
sional mechanical system and if we interpret vertical vector fields as (relative)
accelerations, then with the bijection (51) we are facing Newton’s second law
that says “force F is equal to mass § times acceleration V. This motivates the
following definition.

Definition 4. Let (M,d,g) be the Galilean manifold of a finite-dimensional
mechanical system and let A'M be the corresponding state space. A force is a
smooth section of the dual of the vertical bundle Ver*(A'M), i.e., a force is a
C°°(A*M)-linear map

F: T(Ver(A'M)) — C*°(A'M) (52)
on the space of vertical vector fields.

Consider the action forms €7 and €y of the respective second-order fields

Z1 and Zs. We introduce the differential two-form ® by which the action forms
Q1 and Q5 differ, i.e.,

Qo =Q + &. (53)

It is clear that 9® = 0 because 021 = 92 = 0 by Theorem 1. In terms of
the coordinate fields induced by a natural chart, the coefficients of the force
F = F;du!, which is associated to V = Zy — Z; by (51), are given by

Fy =gV = gi(Z5 — Z) .

Using the representation of the action form in the natural chart (45), the two-
form ® = Qy — Q is given as

D i 1 [0z 0z
o = 97](Z2 - Zl) dz’ Adt + 591] (auk - auk

) (da? —u? dt)A(dx® —uPdt)
10F, (54

_ j J i k_ .k

= Fyda/Adt + 3 Dk (da’ —u’ dt) A(da” —u"dt),

where the last equality uses that the coefficients g;; = g;; o7 are independent of
u',...,u™ and form a symmetric matrix. The local expression shows that the

two-form @ is semi-basic and that it can be associated with the force F'.
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Definition 5. Let (M,9,g) be the Galilean manifold of a finite-dimensional
mechanical system and let A'M be the corresponding state space. A force two-
form is a differential two-form ® € Q2(AM) that is semi-basic and satisfies
0P = 0.

The following theorem establishes a bijective relation between forces (52)
and force two-forms (54).

Theorem 2 ([29], p.32). Let Z € Vect(AM) be any second-order field. The
formulae .
p=Fopu @=—-2.9, @z—%(&p—i—ﬁ/\w)

define bijections between
(i) the forces, i.e., smooth sections F € T(Ver*(AM)),
(ii) the semi-basic one-forms ¢ with Z_p =0,
(iii) the force two-forms, i.e., the semi-basic two-forms ® with 0P = 0.

In local coordinates given by a natural chart (10), it holds that

F = F;du', (55)

© = Fy(da' — u'dt), (56)

@—F-diAdHlaFi(di— idt) A (dz? — u?dt) (57)
= r;dxr 2 Dud x U x U .

Proof. Because for any vertical vector field V' it holds that M(V) =u(Z) =0,
F o is a semi-basic one-form with Z_(F o i) = 0. Conversely, a semi-basic
one-form ¢ with Z_¢ = 0 vanishes on ker x and, therefore, defines a linear form
on

T(AM)/ ker i = im p = Ver(A™M). (58)

The isomorphism (58) follows by the first isomorphism theorem [37, Theo-
rem 3.5]. This proves the bijection between (i) and (ii). According to the
properties (40) and (42), it holds that

DO+ I N@) =020+ 00N —0Adp
:19/\&,0719/\890:0
and Z_(—Z_®) = —®(Z,Z) = 0. Finally, since Z_p = 0, it holds that
—Z(- %(8(,04—19 ANp)) =2(Z20p + (ZoD) A —D A (Z2p))
=3(Z20p+ ) =,

where in the last equality we have used Z_.9¢ = ¢ induced by the rule (43).
Using the same rule we have

~5(0(-Z222) + I A (=229)) = §(0(Z229) + I A (Z29)) = @

This proves the assertion. The coordinate expressions (55) to (57) follow by
straightforward computation. O
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Theorem 3 ([29], p. 33). Let Q denote the action form of a mechanical system,
let Z be its related second-order field and let F' be a force. By the one-to-one
correspondence (51), F is associated with a vertical vector field V.. Moreover, F
can be uniquely related to a force two-form ® by Theorem 2. It then holds that
the vector field Z' = Z +V is the second-order field related to the action form
A=Q+93.

Proof. One easily verifies that ' = Q+ ® is an action form, i.e., that it respects
the properties from Theorem 1. Furthermore, one observes that 2’ and Q induce
the same Galilean metric g. It remains to be shown that 2/ Q' = (Z4+V)o(Q+
®) = 0. Because Z_ =0 and V_® =0, it holds that

7.0 = (Z + V)J(Q + (I)) =V_.Q+Z.0.
By definition (44), it holds for V.2 that

(Vo@)(V) = g(n(V), u(Y)) —g(n(¥), (V) = §(V, u(Y)) = F o u(Y),

where we have used the properties (V) = 0 and n(V) = V of the vector bundle
homomorphisms p and 7. The last equality follows by (51) and the symmetry
of §. By Theorem 2, it holds that Z_® = —F o p and consequently

7' QY =V_.Q+7_d=0.

9 DModeling inertia — the kinetic energy

We experience that whenever we perceive the motion of a mechanical system,
we do this relative to some reference. For instance, we observe the motion of a
car relative to the street or the motion of the sun relative to the horizon. To
account for this when modeling the inertia of a mechanical system, we introduce
a reference field as a time-normalized vector field R defined on a neighborhood
UR of ]\47 i.e.,

R: M DUgr — A'M

with 7 o R = idjs, where again (M, 9, g) denotes the Galilean manifold of the
mechanical system. For an adapted chart ¢(p) = (¢,2',...,2") of M, the
reference field R = 9/0t is said to be the resting field induced by the chart.

In (13), we have defined the motion of a mechanical system to be a second-
order curve B = 4: I — A'M, where v = mo 3: I — M denotes a time-
parametrized curve in the Galilean manifold (M, d,g). We define the relative
velocity of the motion 4 with respect to the reference field R as the vector field
along v which is pointwise given by

. 0
Ya(r) = Ray(r) € Ay M.

As a difference of time-normalized vectors, the relative velocity is spacelike and
can therefore be measured by the Galilean metric g, which models the mass of
a mechanical system. This is accounted for in the following definition.
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Definition 6. Let (M, 9, g) be the Galilean manifold of a finite-dimensional me-
chanical system and let A'M be the corresponding state space. The kinetic en-
ergy of the mechanical system with respect to a reference field R: M D Ur — A'M
is the function

Tr: m Y (Ug) = R, (p,v,) 2 9p(vp — Rp,vp — Ry), (59)
with v, € ALM and R(p) = (p, Ry).
The kinetic energy of the motion (15) with respect to the reference field R
is then given by
Tr(¥(1) = 3 9v(r) (Fa(r) = By For) — Baim)) -

Let (U, ¢) be an adapted chart of M and let us assume for simplicity that
U C Ug. Moreover, let R = /0t + R'0/0z" be an arbitrary reference field. In
the natural chart induced by ¢, the kinetic energy (59) locally reads

Tr = 39iju'u’ — giju'R? + 59, R'R | (60)

where we have used the local expression of the metric (31) and the symmetry
of the bilinear map g. By equation (60), the kinetic energy is the sum of

1 . . . 1 .
TR,2 = igiju’u], TR,l = —gijquJ, and TR,O = EginZRJ.

The number in the subscript describes the respective degree of positive homo-
geneity® of each term with respect to (u!,...,u"). In the special case where R
is a resting field, i.e. R = 9/0¢t, the local expression of the kinetic energy (60)
reduces to

TR = %gz]’U,ZU]

Definition 7. Let (M,d,g) be the Galilean manifold of a finite-dimensional
mechanical system and let U = 7*0 be the time structure of the state space
AM. The kinetic energy Tx with respect to a reference field R of the mechanical
system induces the action form

Qg == d(Trl + 0TR). (61)
The following proposition justifies Definition 7.

Proposition 1 ([29], p.35). The differential two-form Qg defined by (61) is
indeed an action form that induces a bundle metric g on A°M. The difference
between an (arbitrary) action form Q and Qg is a force two-form ®r = Q—Qg.

Proof. To check that (61) defines an action form, we have to check the properties
(i) to (iii) from Theorem 1. According to the rules (40), (41), and (42) of 9, it
holds that

O0g = —d(0Tr A D + 8°TR) = —d(dTg A + D A OTR) = 0,

6Let f: R® — R be differentiable. The function f is called positively homogeneous of
degree k if f(ax) = o¥ f(x) for all a € Ra‘ and all x € R™.
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which shows that Qg enjoys property (iii). To prove properties (i) and (ii), we
use the rules (40) to arrive at the local expression

~ T . .
TrY + 0T =Trdt + %(dxl —u'dt). (62)
u
With (62), definition (61) leads to
_OTR , 0Tr i

(63)

B 0Tg TR i i
= (d(aui ) ~ i dt) A (dx —u dt),

It is clear from the expression (63) that {2p vanishes on ker . Moreover, it

follows that
.9 90N_OTr _
B\ Oui’ 92 ) ~ duiow 99
Therefore, Qg is an action form by Theorem 1. As seen in (54), the difference

of two action forms € — Qg is semi-basic. The assertion that &g = Q — Qg is
a force two-form follows because 9(Q2 — Q) = 0Q — g = 0. O

10 Classification of forces

10.1 Inertia forces

If in classical mechanics the motion of a particle is studied with respect to a
non-inertial frame of reference,” additional force effects appear in the equations
of motions. These forces that result from the use of a non-inertial frame of
reference instead of an inertial one are referred to as fictitious, apparent or as
inertia forces. Two examples are the Coriolis force and the centrifugal force.
In our presentation, these forces are provided by the inertia force two-form
stemming from a change in reference field.

Let R and R be two reference fields and © be a given action form. By
Proposition 1, we know that €2 decomposes as

Q:QR+¢)R:QR+@R

and, therefore,
Qs —Qp=0r — dp.

Being the difference of ®r and ® 3, the two-form {2z — Qp is a force two-form
\IJR,R I:QR—QR, (64)

which we call the inertia force two-form between the reference fields R and R.
The force ®r with respect to R is composed of the force ®z with respect to
R and of the inertia force two-form (64). As force two-form, the latter is a
kinematic quantity because it does not depend on the motion Z. It depends
only on the Galilean manifold (M, ¥, g) and on the reference fields R and R, as
can be seen from the following considerations.

7See Section 39 in [24] or Sections IV.4-5 in [22].
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Because the inertia force two-form (64) is given by the difference of two exact
two-forms, it is exact. This means that there exists a one-form & R.Rt such that

Vpr=0—Qr=dagp.

By definition (61) and the linearity of the differential operators d and 9, we
know that .

CAMR’R = (TR —Tr)Y + 8(TR —Tg).
Let the reference field R be defined on Ug such that R = 9/0t + R'0/0z" and

let the field R be given by R = /0t + R'0/dz" on Uj such that Ur N Up # 0.
Equations (60) and (62) lead to

dpp=(Ts—Tr)0+0(Ts — Tr) (65)
= 2gij(R'RI — R'RI)dt + g;j(R? — R7)da’ .

on 71 (Ug) N7~ (Ug). The local expression (65) reveals that Qp i is a basic
form. This motivates the following alternative definition of the one-form &p, 5.
Indeed, let ap ; be the one-form on Ur NUp defined by requiring

aR,R(R) = %Q(R ~R,R— R) )
aR,R(“) = 9(”’ R— R)

for all spacelike vector fields v, i.e., for all local sections of the spacelike bun-
dle A°M. Then the one-form Gp 5 is the pullback of oy 5z with the natural
projection, i.e.,

dR,R = W*aR)R.

This shows that the inertia force two-form (64) for the reference fields R and R
does indeed depend only on the Galilean manifold (M, ¥, g) and, therefore, is a
kinematic quantity.

10.2 Potential and nonpotential forces

We say that a force Fr is a potential force if the related force two-form @7 is
closed, i.e. if
doh, = 0. (66)

According to the Poincaré lemma there exists a neighborhood W C A'M and a
one-form ¢ defined on W such that

oh |, =ddr. (67)

The closedness (exactness) of the force two-form implies the closedness (exact-
ness) of the action form. Indeed, with Proposition 1, we have seen that an action
form is the sum of an exact form (61) and the force two-form ® . Therefore, it
makes sense to speak of a closed (exact) mechanical system if the force two-form
is closed (exact).
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Using the local coordinates of the force two-form (57), condition (66) gives

1 ./0F, OF: . 10F . ‘
= N AR Al [l P J
0 d[( F; + 5 (8uj aui>)dt/\dx + zaujdx A dx }

< OF, 1 &F, 1 j( OPF, K

— - - - ) )dt A dat A da®
o5 T 2aur T 2"\ rkous 8xk8uz>) ndrAde

, : ‘ 270 2F. .
+(_8FZ+;<8FZ_8F;€)+1UJ( PF PF >>dmdxmduk

ouk ouk ol 2 oukoui  Oukoui
1R, 1 PR
Z_ 77t dqyt J k - J i 7 k
28xk3ujdx Adz? Adz +28uk8ujdx Adz? A du”,

where we have dropped the R by writing F' instead of Fz for notational conve-
nience. The above condition leads to restrictions on the coefficient functions Fj
of F. The last term disappears if and only if

F; = E; + B;jju’, (68)

with functions F; and B;; which do not depend on (ul

of the dt A dz* A du®-term requires that

y-..,u™). The vanishing

Bij = 7Bﬂ
The annihilation of the da‘A dz? A daF-term leads to

8Bij O0By; n 8Bjk
oxk oxI ozt

=0. (69)

Finally, the annihilation of the first term imposes that

0B, OE, OF,

= - — 70
ot oxJ  Ox? (70)
Consequently, a closed two-form ®%, has the local form
Y = E;dz’ Adt + 3By dz’ Ada? (71)
where the component functions only depend on (¢,z!,...,2™). The suggestive

use of the letters B and E lets us identify (69) and (70) as a generalized version
of Maxwell’s equations. We see from the local expression (71) that a closed force
two-form is basic. Therefore, as a one-form ¢ satisfying (67), we consider the
locally defined basic one-form

dr = —Vgdt + Alda?, (72)

with functions® Vi and AZ which only depend on (¢,z%,...,2"). With the
one-form (72) it holds that

Ve  OAR DAl
E"‘(axi 4T ) Bij =255

8In the context of a charged particle moving in an electromagnetic field the function Vg is
known as scalar potential of the field and the R3-tuple (Af, Ag, Ag') is said to be its vector
potential. See p.45 in [23].

21



It is important to notice that the Poincaré lemma guarantees the existence of a
one-form ¢ and not its uniqueness. Indeed, two one-forms ¢ and

dr=br+df,

differing by the differential df of a function f = f(t,2%,...,2"), lead to the
same force two-form (67) because d o d = 0. This implies that the coefficient
functions of ¢ from (72) are related to those of

¢ = —V'dt + Alda’

by
of of
ot’ oz’
without changing the resulting force two-form ®z. Note that we dropped the let-
ter R in equation (73) for notational convenience. The invariance property (73)
of the coefficient functions of the one-form ¢ g is known as gauge invariance.
In classical mechanics (no electromagnetism), one assumes B;; = 0 such that
the coefficient functions (68) are independent of (ul,...,u™). In this case, the
closed force two-form (71) reduces to

V=V - and A, =A;+ (73)

Y = E;da’ Adt.
Accordingly, the one-form ¢p from (72) reduces to
br=—Vr(t,z', ... a™)dt + AR (t)da".

Because of the gauge invariance (73), we can add a differential df without
changing the resulting force two-form. We choose f(t,z!,... 2") = —AR(¢)z!
such that

dAER

dJ'Rd>R+df(VR xi>dt: —V}at.
This proves that in classical mechanics the force two-form of a potential force
can be locally derived from a one-form

G = Vit 2t .. a™)dt (74)

without loss of generality. The coefficient function V}, in (74) is known as
potential energy with respect to the reference field R. In what follows, we will
consider one-forms of the form (72) because they comprise the form (74) used
in classical mechanics.

The previous considerations allow us to split a given force two-form

P = 0Y) + O

into a part ®% = ddp that is defined by a one-form (72) and the remaining
part @} which we will refer to as nonpotential force two-form.

9See Section 18 in [23].

22



11 Lagrangian and Cartan one-form

Definition 8. Let (M,d,g) be the Galilean manifold of a finite-dimensional

A

mechanical system, 19 = 7*¢ be the time structure of the state space A'M,
and let Tr be the kinetic energy of the mechanical system with respect to a
reference field R. Let ®% be the (locally) exact potential force two-form given
in the natural chart (10) by

O =ddpp with ¢r= —Vgdt + Afda’,

where the component functions Vi and A% of ¢ only depend on (¢, z!, ... 2"),
see (72). The Lagrangian of the mechanical system with respect to the reference
field R is the function

Lp=Tgr— Vg + ARy (75)

on the state space and induces the Cartan one-form
OJRZLRQ§+6LR. (76)

In the local coordinates induced on the neighborhood 7=1(U) C AM by the
natural chart (10), the Cartan one-form reads

,OLR OLg
ou’ oul out

OL , , ,
wR:LRdt—i——R(dxl—u’dt) = (LR—u — |dt + ——da"*, (77)

from which we can see that the Cartan one-form determines the Lagrangian by

where Z is an arbitrary second-order field on the state space.
Using the rules (40), it can be seen that the chart representation of ¢ used
in Definition 8 is equivalent to

br = (Vg + ARuN)dt + 0(—Vg + AluY). (79)

By comparing (79) to the definition (61) of the action form Qg induced by the
kinetic energy Tx of the mechanical system, it is clear that the sum Qp + @Y
can be written as

Qr + 0% = Qp +ddr = d[(Tr — Vg + AFu')) + O(Tr — Vi + Afu?))

. (80)
= d(LRﬁ + 6LR) =dwpg.

By Proposition 1, the sum of the action form (i and a force two-form is again
an action form, which in view of equation (80) implies that dwg is an action
form.

If two Cartan one-forms wr and w', define the same action form

Q = dwg = dwh,
they may still differ by the differential of a function f € C*°(AM), i.e.

whr —wr =df (81)
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because d o d = 0. Since the difference w}, — wg is semi-basic, the function f
in (81) needs to satisfy
f=n"h=homw

for some function h € C*°(M). The fact that the same action form can be
determined by different Cartan one-forms transfers to the Lagrangians by equa-
tion (78). The Lagrangians Lp and L', defining the Cartan one-forms wg and
w, can locally differ by

of

Ly —Lp=7Z_(wh— =Z_df = — P
R R (Wg — wWr) f ot +u G

(82)

and still define the same action form €. If the difference (82) is evaluated along
a second-order curve 7, then we retrieve the classical statement!® that (the
chart representations of) the Lagrangians Lr and L, may differ by the total
derivative with respect to ¢ of a function f, which depends on time ¢ and the
positions (z!,...,2™). Note that the statement (82) is directly related to the
gauge invariance (73). This can be seen by using (73) in the definition of the
Lagrangian (75).

The following considerations allow us to pin down the form of Lagrangians.
First, a Lagrangian needs to define the bundle metric by

_qgf 02 9\ _ PLg
9ij = Out’ dxi ) Outdud’

according to Theorem 1(ii), where the second equality follows from straight
forward computations in a natural chart. Because it holds for the bundle metric
that dg;;/0u* = 0, the Lagrangian needs to satisfy

3 Lg B
ukduidus

and it therefore has the local form
Lr = Lgiu'v? + a;u’ + ag (83)

with coefficients ag, .. ., a, that do not depend on u!,...,«™. This means that
there are functions ag,...,a,: U — R defined on the neighborhood U C M
such that

Qo =T Ay = Ay OT

with @ = 0,...,n. With the local expression (60) of the kinetic energy the
Lagrangian (75) can be written as

Lr=Tr — Ve + Afu' = ggiu'v’ + (Af — gi; R7)u’ + 59;; R'R? — V.
The comparison with (83) leads to the equalities

ap = 39i;R'R? — Vg,
Ai — Gij Rj,

a;

withi=1,...,n.

10See [24] p. 4.
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The case of classical mechanics where the one-form ¢ reduces to (74) can
be studied by setting A; = 0. It follows from equation (84) that the reference
field R and the potential Vr can be determined from the coefficients aq, ..., a,
of a given Lagrangian (83) as

R = —gijaj and Vg = %gij R'RI — ay. (85)

The coefficients g* in equation (85) are given by the inverse matrix to the
coefficient matrix of the Galilean metric g.

12 Dynamics of finite-dimensional mechanical systems

Postulate 1. Let (M,9,g) be the Galilean manifold of a finite-dimensional
mechanical system and let 9 = 70 be the time structure of the state space
A'M. Moreover, let wg be the Cartan one-form induced by a Lagrangian Ly of
the mechanical system and let Y be the nonpotential force two-form, each one
with respect to the reference field R.

A motion B of the mechanical system is an integral curve of the vector field
X € Vect(AM) characterized by

~

HX)=1 and X_Q=0, (86)

where
Q:=dwg + P} (87)

is the action form of the mechanical system. Consequently, the motion B is a
solution of the equations of motion

B(r) = X(B(r)). (88)

This postulate is fundamental to the description of the dynamics of finite-
dimensional mechanical systems, as it links the motion of the mechanical system
to a Lagrangian and the nonpotential force two-form of the system. This means
that for a specific finite-dimensional mechanical system, e.g., an industrial robot,
the modeling process consists in finding an appropriate Lagrangian together with
a nonpotential force two-form. Postulate 1 then links these two quantities to
the motion of the system.

In Section 11 we showed that dwg is an action form, which by Proposition 1
implies that the action form 2 defined in (87) is indeed an action form. More-
over, Theorem 1 guarantees that the vector field X is uniquely characterized by
(86) and that it is a second-order field, such that its integral curves are motions
of the mechanical system.

Using (80), equation (87) allows to write the action form € of the mechanical

system as
Q=Qr+ 0} + 2, (89)

where Qp is the action form (61) induced by the kinetic energy Tr of the system
and @Y, is the potential force two-form of the system. Equation (89) shows, that
the action form Qg describes the motion of a mechanical system which with
respect to the reference field R is not subjected to forces (i.e., ) = @7 = 0).
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12.1 Lagrange’s equations of the second kind

Using the coordinate representation of Postulate 1 with respect to the local

coordinates provided by the natural chart (10), we show that the equations of

motion (88) take the form of Lagrange’s equations of the second kind.
Consider that by equation (77), the action form dwg is locally given by

;0L oL ;
WR < u 8u’> Adt + (31&) Adz (90)
and, by equation (57), the nonpotential force two-form ®3 in (87) reads

4 1 OF;
np __ . i - 7
O = Fida" Adt + 2 Jui

(da’ — u'dt) A (da? —u’dt). (91)

Note that we lightened the notation by suppressing the reference field R when
writing the Lagrangian in (90).

By Postulate 1, we know that for the action form Q = dwgp + @}, the
conditions

A~

J(X)=1, and X_Q=0 (92)

determine the vector field X € Vect(AlM ) that describes the motion of the
mechanical system. Condition (92) requires the vector field X to be time-
normalized such that it can be locally written as

0 ;0 0

X=2+A"> +B— 93
ot + ox? + out’ (93)
where the coefficients A* and B* with 4 = 1,...,n are smooth functions. More-
over, condition (92) can be rewritten as
O:X_IQ:X_IdLUR+X_Iq)?%p. (94)

Using equations (90), (91) and (93), together with the relation Lx f = df(X) for
f € C®(AM), we compute both terms separately. The first term of equation
(94) can be written as

X _dwp =Lx (L - uigli)dt - d(L — aL) +Lx (M>dxi - Aid( aL)

ou’ out ou'
2
- [EX (L — gi) B % B 8282” (4"~ uz)} & (95)
o)
b 0L (- iyt
The second term of equation (94) reads as
N
+[—Fi+;(,4j_uj)<g§g_gfj;)]dxi. )
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By equation (94), the sum of (95) and (96) has to vanish. In particular, the
du’-component of (95) must be zero. This implies that

Al =u’l forj=1,...,n (97)
because the matrix
oL
uious I

is positive definite and thus has full rank. Equation (97) requires the vector
field X to be a second-order field, which in consideration of Theorem 1 is no
surprise. The annihilation of the dz’-part of the sum (94) together with (97)
leads to Lagrange’s equations of the second kind

oL\ OL
EX( am) - =F. (98)

Let us consider a motion 3: I — A'M, 7+ 3(7) of the mechanical system,
which by Postulate 1 is an integral curve of the vector field X defined by equa-
tion (98). Since X is a second-order field by (93) and (97), we know that the
integral curve 8 of X is a second-order curve. Hence, the motion has the chart
representation ® o B(7) = (¢(7),x(7),%(7)) and needs to satisfy equation (98)
such that

d(“ Mﬂ) O, ey = Fy 0 B(r) (99)

— O — - O
dr \ ou® ox’
by the definition of the Lie derivative. We recognize (99) as Lagrange’s equations
of the second kind in their classical form.!! Note, t(1) = 7 + 79 by (22).
Since the action form {2 has rank 2n, the d¢-component depends on the 2n
equations (97) and (98), which fully determine the vector field X. Accordingly,
the dt-component must vanish for the vector field X and provides the equation

of energy
0L oL -
'— L) =—— 'F;. 1
ex(wfn 1) =5 +u'n (100)
Evaluated along the motion /3 this relation takes the form
d /., 0L 0L i
(#5080 - o8 ) = =52 o Br) 44 (IR0 Blr) . (101
We immediately recognize that the Hamiltonian
1 -1 i9Lr
Hr: AM D7 (U) =R, a — Hg(a) = u?—LR (a) (102)
)

is conserved along the motion 3, if the mechanical system is not subjected to
nonpotential forces and its Lagrangian has no explicit time dependence. Note
that m#=1(U) denotes as usual the domain of the natural chart (10), for which,
by equations (60) and (75), the Hamiltonian takes the form

.OLp 1

Hr=u'— —Lp==

R=Y G S

In the special case where the reference field R is the resting field of the natural

chart, i.e. R' = 0, the Hamiltonian is the sum of the kinetic energy (59) and
the potential energy Vg.

giju’u] — igin’LRj + VR . (103)

1 See [21], p. 24, [43], p. 63, [35], p. 75 or [24], p. 3.
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12.2 Hamilton’s equations

Using a different chart as in the previous section, the equations of motion take
the form of Hamilton’s equations. To show this, we represent Postulate 1 with
respect to the local coordinates provided by the chart

d: A'M D 7 HU) = R*™ 1 (p,vy) = (34, 3", p1, D) - (104)
Denoting the natural chart (10) with ®, the chart (104) is given by the change
of coordinates ® o ®~! defined as

- ) ) oL
t=t, =2 and p; = 5 Ro@fl(t,xl,...,m",ul,...,u”). (105)
u’L

We call p; the generalized momentum coordinates, which by equations (75)
and (60) together with Vg /du® = 0 have the form

pPi = gij (’U,j — RJ> + AZR (106)

The full rank of the Galilean metric g guarantees that the relation (106) can be
resolved for u!,..., u" as

u' = g"(p; — AF) + R, (107)
where g% are the components of the inverse matrix gij.- We refer to (£, &t,..., 2",
P1y---,Pn) as canonical coordinates.'?> The tildes on t and the 2% allow the

distinction between the canonical coordinates and those provided by the natural
chart (10).
With the Hamiltonian (102), we rewrite the Cartan one-form (77) as

. OL . - .

wrp=|Lrp—u"— |dt + Rt = —Hgdt + p;dz’, (108)
ou’ ou’

where we have used that dt = dt and dz* = dz’ for i = 1,...,n. Inserting (107)

in (103), the Hamiltonian in canonical coordinates reads as

1 . ,
Hp = gg”(pi — A (p; —Af) + R7(p; —Af) +Vgr.

This implies that we can rewrite (107) as

= . 1
u O (109)

We compute the exterior derivative of the Cartan one-form (108) as

dwr = —dH A df + dp; A dF, (110)

12These coordinates are by no means canonically defined since they depend on the choice
of a reference field R. Physically, the quantities p1,...,pn are generalized momenta. In
the context of time-independent mechanics playing on the cotangent bundle T*Q of a time-
independent configuration manifold @, the position and generalized momentum coordinates
provided by the Darboux theorem are canonical. Moreover, Hamilton’s equations are also
referred to as canonical equations (see [24], p. 132). So we use the adjective canonical because
of tradition.
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where we stick to our policy of dropping the letter R whenever it is hinder-
ing. Expressing the basis vectors 9/0u’ induced by the natural chart (10) with
respect to the basis vectors induced by the chart (104) gives

0 ot 0 037 0 dp; 0 0

9~ 0w of 0w 931 ouiop,  Piap;

where we adopt the convention that a lower index appearing in the denominator
is considered to be an upper index. With this relation and equation (109), the
nonpotential force @} of (57) adopts the local form

1 OF; OH . . OH
¢ = Fidz' A dE dz* dt | A |dE? — —d¢ 111
TR G, [ - Ops ] { p; ] (H0
because dt = df and dz' =d&’ fori=1,...,n
The time-normalized field X from (93) that describes the motion can be
locally expressed as

P P P
x99, 49 ;0.9 112
o T ar TG, (112)

By Postulate 1, the time-normalized vector field X is determined by

0=X.0 :XJd(JJR‘i_X_l@I;%p.

As before, we compute X _dwp and X @} separately. With the local expres-
sions (110) and (112), we get

X_dwg = —Ex(H)df—f— dH + C; dzt — Aldpl

oH OH . (oH (113)

Using (111) and (112), we obtain

10H [ . OH OF; OF\] -
X_® AR, — = AT — i g 0T
[  20p; ( 5@) (g” op. 7 p, ﬂ a

oOH OF; OF; X
J i) 0
[ Fity (A 317])(9” op, 3pr)]dx'

The one-form X_Q = X_ dwp + X @} is zero if each component vanishes.
Since the coefficient of the dp;-component in (113) has to vanish, it follows that

(114)

0H

Al =
Op;

=g7(p; — AF)+ R (115)
With equation (115), the annihilation of the d‘-component of X ) implies

Finally, consider a motion § of the mechanical system, which by Postulate 1 is
an integral curve of the vector field X. The tangent field S is time-parametrized
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because of (112). Consequently, using equations (115) and (116) the equations
of motion (88) locally have the form

. OH
z'(r) = o B(7),

87’5[{ (117)
pi(7) = —== o B(7) + F; o B(7),

oz
where ® o B(7) = (i(1),%(7), p(1)) with (1) = 7 + 70 by (22). We recognize
(117) as Hamilton’s equations.*®
Similarly to the previous section, the df-component depends on the 2n equa-

tions (115) and (116), which fully determine the vector field X. Accordingly,
the df-component must vanish for the vector field X and provides the equation

of energy

0OH OH
LxH="2+2"F,. 118
=50 T o, (118)
Evaluated along the the motion § this relation takes the form
H H
SHoB(r)= T o p(r) + (gpiFZ) 0 B(r). (119)

Also here, we recognize that the Hamiltonian is conserved along the motion (3,
if the mechanical system is not subjected to nonpotential forces and its Hamil-
tonian has no explicit time-dependence.

13 Conclusion

We have shown that the Galilean manifold (M, ¥, g) together with the affine sub-
bundle A'M are appropriate spaces on which the dynamics of time-dependent
finite-dimensional mechanical systems subjected to nonpotential forces can be
formulated. The motion as a curve in the state space is given as an integral curve
of a second-order field on the state space. Theorem 1 is a major result that was
obtained by Loos in [29] and which uniquely connects a differential two-form
Q with the second-order field Z whose interior product with  vanishes. This
theorem justifies to model the dynamics of a mechanical system by stating a
particular action form. Maybe the most original and outstanding contribution of
Loos is the treatment of forces within the time-dependent theory. With the idea
that any force leads to a change of acceleration, forces are introduced as smooth
sections of the dual of the vertical bundle Ver*(AM). Theorem 2 then provides
a bijective relation between forces and force two-forms, which are semi-basic
0-closed differential two-forms on the state space. Eventually, for the dynamics
described by an action form, Theorem 3 guarantees that changing the dynamics
by adding an additional force corresponds with summing up action form and
force two-form. The essential gain within the geometric framework provided
by Loos lies then in the coordinate-free formulation of Postulate 1, which com-
prises the governing equations of a theory for time-dependent finite-dimensional
mechanical systems subjected to nonpotential forces. Most remarkably, this
postulate unifies the Lagrangian and the Hamiltonian approaches, which in this
intrinsic theory just result from different coordinate representations.

13See p. 132 of [24] or p. 63 of [43].
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