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Abstract

A second gradient theory for woven fabrics is applied to Kirchhoff–Love shell elements to analyze the mechanics of fiber
reinforced composite materials. In particular, we assume a continuous distribution of the fibers embedded into the shell surface,
accounting for additional in-plane flexural resistances within the hyperelastic regime. For the finite element discretization we
apply isogeometric methods, i.e. we make use of B-splines as basis functions omitting the usage of mixed approaches. The
higher gradient formulation of the fabric is verified by a series of numerical examples, followed by suitable validation steps
using experimental measurements on organic sheets. A final example using a non-flat reference geometry demonstrates the
capabilities of the presented formulation.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

1.1. Strain gradient continua and fabric materials

Classical Cauchy continuum formulations have been extended in a variational consistent manner towards general
higher gradient theories in the pioneering and most fundamental work of Mindlin [1], see also the work of
Germain [2] and Toupin [3,4] as well as Eringen [5–7]. A series of publications establish a link between the
microstructure and the macroscopic formulation as generalized continua, see [8–12] among others, see also [13–17]
for more details on the mathematical structure. Specific mechanical problems like elastic nets have been addressed
by Steigmann et al. [18–21], for application on panthographic structures see dell’Isola et al. [22,23].

In this contribution we focus on fiber reinforced materials. The constitutive relation of this class of materials
is governed by the given microstructure. In this context, we consider the length scales of the embedded fibers
as small compared to the surrounding continuum, such that the terminus “microstructure” can be justified here.
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Fig. 1. DIC measurement of a 25 [mm] specimen in 45◦ configuration, colors indicate local stretches in horizontal direction in [mm/m].
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In particular, we embed a model of a woven fabric as presented in the work of Steigmann [21] to account for
the in- and out-of-plane flexural resistances of the fibers in addition to the first gradient anisotropic effects of the
fibers. To obtain the corresponding constitutive information, classical homogenization techniques are often applied,
usually restricted to the first gradient anisotropic contributions. In particular, full field homogenizations are usually
based on a finite element discretized unit cell (see, e.g. in Fish [24] for a comprehensive review on multiscale
methods) and have been applied to composites, among many others, in Wang et al. [25], see also the references in
Mishnaevsky [26]. Basic ideas on the homogenization of continua with micromorphic mesostructure can be found
in the Hirschberger [27]. Current investigations on homogenization of continua with micromorphic attributes can
be found in Hütter [28].

The woven fabric is embedded in a thin sheet of matrix material and thus, it is apparent to embed the fabric in a
shell formulation. To be specific, we show that the formulation of the woven fabric as proposed by Steigmann can
be embedded directly in the Kirchhoff–Love shell theory, such that the in-plane flexural resistances of the fibers is
taken into account. Further discussions on higher-order contributions for the constitutive modeling of composites
are presented in Asmanoglo & Menzel [29,30], using the framework as provided in the preliminary work of Spencer
& Soldatos [31] and Soldatos [32].

B-spline based shape functions are employed for the spatial discretization, emanating from the field of Computer
Aided Design (CAD). The corresponding finite element framework is widely known as isogeometric analysis (IGA),
see Hughes et al. [33] and Cottrell et al. [34]. IGA allows to control the differentiability of the shape functions and
thus, is suitable for higher gradient continua, see Fischer et al. [35] for applications on strain gradient elasticity.
Here, we focus on Kirchhoff–Love shell formulations, analyzed in recent years using the concept of IGA, see,
among many others, Kiendl et al. [36,37]. For general aspects including convergence results on strain gradient
Kirchhoff–Love shells see Balobanov et al. [38].

1.2. Material under investigation

The numerical model proposed in this contribution has to be verified using suitable analytical results and validated
using experimental data. In particular, the applicability of the numerical model will be demonstrated using a
prototypical thermoplastic composite laminate, also known under the terminus organic sheet. Fig. 1 shows a digital
image correlation (DIC), where we can observe strain gradient effects. In particular, the stiffness of the fibers against
in-plane bending gives rise to specific deformation pattern, since the in-plane bending term results in an additional
penalization on any change of the fiber flexure, as can be observed in the patterns of the DIC measurement compared
to the straight red line drawn into the figure. Similar effects have been investigated intensively for pantographic
structure, see, e.g. dell’Isola et al. [22,23] and references therein.

Since the organic sheets are small in thickness direction compared to its length and width, we consider
a Kirchhoff–Love like shell formulation. The kinematics of this particular formulation focusing on additional
deformation measures for the second gradient material model is introduced in Section 2. Based on this extended
kinematic, the variational formulation is presented in Section 3. Within this section, the strain energies, stress
resultants and the subsequent localization along with the arising boundary conditions are derived, which completes



J. Schulte, M. Dittmann, S.R. Eugster et al. / Computer Methods in Applied Mechanics and Engineering 362 (2020) 112845 3

the model. The spatial discretization is given in Section 4, followed by numerical examples in Section 5. We first
investigate in this section suitable verification steps of the numerical framework to ensure that the isogeometrical
analysis is capable to reproduce certain analytical results. Afterwards, the model is validated against experimental
results of the organic sheet. Eventually, conclusions are drawn in Section 6.

2. Shell kinematics

We consider the fiber reinforced composite as a three-dimensional body, whose points in the Euclidean three-
space E3 are addressed by the convected coordinates (θ1, θ2, θ3) ∈ B̄ ⊂ R3. The reference placement X : B0 → E3

is the embedding1

X(θ i ) = r̄(θα) + θ3 N(θα) , (1)

where r̄ := r̄(θα) is the parametrization of the reference mid-surface Ω ⊂ E3, which comes along with the covariant
basis Aα and the unit normal vector field N defined by

Aα := r̄ ,α and N :=
A1 × A2

∥A1 × A2∥
, (2)

where r̄ ,α :=
∂ r̄
∂θα . Note that common operations defined on E3 are extended for vector and tensor fields in a

pointwise fashion. For instance, the scalar field ∥A1 × A2∥ is determined by ∥A1 × A2∥(θα) := ∥A1(θα)× A2(θα)∥,
where we applied the cross product × of E3 together with the standard Euclidean norm ∥v∥ :=

√
(v · v), v ∈ E3

induced by the inner product · of E3. In the reference placement (1), the coordinates are chosen such that
θ3

∈ [−h/2, h/2] denotes the coordinate in thickness direction with h as the thickness of the body.
The deformation of the body is described by the function x : B → E3, which incorporates the Kirchhoff

hypothesis by the kinematical ansatz

x(θ i ) = r(θα) + θ3n(θα). (3)

Here, r := r(θα) is the parametrization of the deformed mid-surface ω ⊂ E3, which comes along with the covariant
basis aα and the unit normal vector field n defined by

aα = r ,α and n =
a1 × a2

∥a1 × a2∥
. (4)

The kinematical restriction (3) allows to describe the body’s deformation exclusively by the geometry of the mid-
surface ω. Therefore, we introduce some important geometric objects that play a central role in the development
of the mechanical theory. For a concise treatment of surface geometry, we refer to [39]. The co- and contravariant
metric coefficients of ω are defined by

aαβ := aα · aβ and [aαβ(θα)] := [aαβ(θα)]−1 , (5)

where the square brackets indicate the component matrix. Consequently, it holds that aαβaβµ
= δµ

α . The contravariant
basis aα is introduced by the relation aα

· aβ = δα
β and can therefore be expressed as aα

= aαβ aβ , which in turn
leads to aαβ

= aα
·aβ . By definition of the cross-product, we can rewrite ∥a1×a2∥

2
= [(a1 ·a1)(a2 ·a2)−(a1 ·a2)2] =

det(aαβ). The partial derivatives of the covariant base vectors and the normal vectors can be expressed using the
Gauss and Weingarten equations

r ,αβ = aα,β = Γ σ
αβ aσ + bαβn and n,α = −bαβ aβ , (6)

where we use the Christoffel symbols of the second kind Γ σ
αβ and the covariant components of the curvature tensor

bαβ defined by

Γ σ
αβ := aσ

· aα,β and bαβ := aα,β · n. (7)

Note that (6)1 can also be expressed as

aα,β = Γαβσ aσ
+ bαβn , (8)

1 Greek and Latin indices range in the sets {1, 2} and {1, 2, 3}, respectively. Moreover, we will apply Einstein summation convention for
repeated upper and lower indices.
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where

Γαβσ = aσ · aα,β = aλ
· aα,βaλσ = Γ λ

αβaλσ (9)

denotes the Christoffel symbols of the first kind. Analogously, we can define the above introduced objects and
relations also for the reference mid-surface Ω using the co- and contravariant metric coefficients Aαβ and Aαβ , the
contravariant base vectors Aα , the Christoffel symbols of the second kind Γ̄ σ

αβ , as well as the covariant components
of the curvature tensor Bαβ .

The surface-deformation gradient F, defined by dr = F dr̄ , can be computed by inserting dθα
= dθβ Aβ · Aα

=

r̄ ,β dθβ
· Aα

= dr̄ · Aα into the expression dr = r,α dθα
= aα( dr̄ · Aα) = (aα ⊗ Aα) dr̄ and is consequently given

by

F = aα ⊗ Aα. (10)

The covariant base vectors gi = x,i of the three-dimensional body in the deformed configuration are

gα(θ i ) = aα(θα) + θ3n,α(θα) and g3(θ i ) = n(θα) (11)

and Gi = X ,i in the reference configuration

Gα(θ i ) = Aα(θα) + θ3 N ,α(θα) and G3(θ i ) = N(θα). (12)

The covariant metric coefficients gi j = gi · g j of the three-dimensional body in the deformed configuration are
determined as

gαβ(θ i ) = aαβ(θα) − 2θ3bαβ(θα) + (θ3)2n,α(θα) · n,β(θα) ,

gα3(θ i ) = g3α(θ i ) = 0 ,

g33(θ i ) = 1 ,

(13)

where we applied the definitions (5) and (6)2 together with the properties n · n = 1, aα · n = 0 and n,α · n = 0.
Analogously, we obtain the covariant metric coefficients G i j = Gi · G j in the reference configuration

Gαβ(θ i ) = Aαβ(θα) − 2θ3 Bαβ(θα) + (θ3)2 N ,α(θα) · N ,β(θα) ,

Gα3(θ i ) = G3α(θ i ) = 0 ,

G33(θ i ) = 1 .

(14)

Neglecting the quadratic term in Eqs. (13) and (14) yields

gαβ(θ i ) = aαβ(θα) − 2θ3bαβ(θα) and Gαβ(θ i ) = Aαβ(θα) − 2θ3 Bαβ(θα) (15)

assuming a linear behavior through the thickness of the body. Due to the block structure of the metric coefficient
matrices, the contravariant base vectors gi and Gi in the deformed and the reference configuration can be computed
as

gα
= gαβ gβ, g3

= g3 = n, [gαβ(θ i )] = [gαβ(θ i )]−1 , (16)

and

Gα
= Gαβ Gβ, G3

= G3 = N, [Gαβ(θ i )] = [Gαβ(θ i )]−1 , (17)

respectively. Similar to the surface-deformation gradient F, the deformation gradient of the three-dimensional body
F̂ is

F̂ = gi ⊗ G i , (18)

which is easily obtained by dx = x,i dθ i
= gi ( dX · Gi ) = (gi ⊗ G i ) dX = F̂ dX .

2.1. Deformation measures

The right Cauchy–Green deformation tensor for the surface is

C := FT F = Cαβ Aα
⊗ Aβ , (19)
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where we have defined Cαβ(aαβ(θα)) := aαβ(θα). Introducing the difference

Sλ
αβ := Γ λ

αβ − Γ̄ λ
αβ and Sαβλ := Sσ

αβaσλ = Γαβλ − Γ̄ σ
αβaσλ , (20)

it is convenient to define the second covariant derivative of the deformation with respect to the reference
configuration as

r |αβ := r ,αβ − Γ̄ σ
αβ aσ = (Γ σ

αβ − Γ̄ σ
αβ)aσ + bαβn

= Sσ
αβ aσ + bαβn = Sαβσ aσ

+ bαβn.
(21)

Thus, we obtain

(r |αβ − Bαβn) ⊗ Aα
⊗ Aβ

= aσ ⊗ Sσ
− n ⊗ κ (22)

with

Sσ
:= Sσ

αβ Aα
⊗ Aβ and κ := καβ Aα

⊗ Aβ
= (Bαβ − bαβ)Aα

⊗ Aβ , (23)

where in-plane and out-of-plane curvatures can be addressed by eight and four components, respectively. By the
definitions (5) and (7), it can readily be seen that aαβ , Sσ

αβ and καβ are invariant under superimposed rigid body
motions, a proof can be found in Appendix A.

In the following, we will introduce some deformation measures for the embedded fibers which all can be
considered as functions of aαβ , Sσ

αβ , καβ and θα . An extensive discussion about these fiber deformation measures can
be found in Appendix B following Steigmann and dell’Isola [20]. For the two families of embedded fibers, which
are characterized by their constant orthogonal vector fields in the reference configuration M and L, the squared
fiber stretches are given by

λ2
1 :=

aαβ Lα Lβ

Aµν LµLν
and λ2

2 :=
aµν MµMν

Aµν MµMν
. (24)

The change in the angle between the fibers is given by

ϕ := acos

(
Aαβ Lα Mβ√

Aµν LµLν Aσρ Mσ Mρ

)
− acos

(
aαβ Lα Mβ√

aµν LµLνaσρ Mσ Mρ

)
. (25)

Moreover,

K1 := −
καβ Lα Lβ

Aµν LµLν
, K2 := −

καβ Mα Mβ

Aµν MµMν
and K3 := −

καβ Lα Mβ√
Aµν LµLν Aσρ Mσ Mρ

, (26)

representing the out-of-plane bending and twist of the fibers. Finally,

gL :=
Lα Lβ Sαβσ

Aµν LµLν
aσ , gM :=

Mα Mβ Sαβσ

Aµν MµMν
aσ and Γ :=

Lα Mβ Sαβσ√
Aµν LµLν Aσρ Mσ Mρ

aσ , (27)

represent the combined effects of gradients of the fiber stretch and in-plane bending.
For the matrix material, the right Cauchy–Green tensor reads

Ĉ = F̂
T

F̂ = gi j Gi
⊗ G j , (28)

whose covariant components coincide with the metric components of Eq. (13); note that higher order terms in θ3

are neglected. Due to the dependence of the metric coefficients (15) on the first and second fundamental form, it
is convenient to introduce the components of the right Cauchy–Green tensor as Ĉi j (aαβ(θα), καβ(θα), θ3) = gi j (θ i ).
The kinematical restriction in Eq. (3) does not allow for any change in thickness direction. For a fixed θ3

= θ̃3,
the surface elements of the embedded surfaces in the reference and the deformed configurations X(θα, θ̃3) and
x(θα, θ̃3), respectively, are

da(θα, θ̃3) = ∥g1(θα, θ̃3) × g2(θα, θ̃3)∥ dθ1 dθ2
=

√
det(gαβ(θα, θ̃3)) dθ1 dθ2 , (29)

dA(θα, θ̃3) = ∥G1(θα, θ̃3) × G2(θα, θ̃3)∥ dθ1 dθ2
=

√
det(Gαβ(θα, θ̃3)) dθ1 dθ2. (30)
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Consequently, the in-plane Jacobian determinant

Ĵ0(θ i ) :=

√
det(Ĉ(θ i )) =

√
det(gαβ(θα, θ3))
det(Gαβ(θα, θ3))

(31)

can be interpreted as the areal dilatation, i.e. the ratio between the deformed and the reference area elements da
and dA, respectively.

3. Variational formulation

For the matrix material we assume the strain energy function per unit reference volume Ψ iso(Ĉi j , θ
i ), for the fibers

per unit reference area Ψfib(aαβ, Sαβσ , καβ, θα). Moreover, we assume that the embedded fibers have a height of hf
such that the space occupied by matrix material in the reference configuration is defined by {X(θ i )|θ3

∈ ϖiso},
where ϖiso =

[
−

h
2 , h

2

]
\

(
−

hf
2 ,

hf
2

)
. For the overall composite we obtain for the strain energy defined per unit

reference area of the surface

Ψ (aαβ, Sαβσ , καβ, θα) =

∫
ϖiso

Ψ iso(Ĉi j (aαβ, καβ, θ3), θ i ) dθ3
+ Ψfib(aαβ, Sαβσ , καβ, θα) , (32)

which allows us to write the internal energy as W int
=
∫
Ω Ψ dA. For the finite element analysis, we will discretize

the virtual work expression, which for the composite material reads as

δW int
=

∫
Ω

[∫
ϖiso

δΨ iso(Ĉi j (aαβ, καβ, θ3), θ i ) dθ3
+ δΨfib(aαβ, Sαβσ , καβ, θα)

]
dA. (33)

Noting that δĈi j = δα
i δ

β

j (δaαβ + 2θ3δκαβ) yields

δW int
=

∫
Ω

[
(nαβ

iso + nαβ

fib )δaαβ + (mαβ

iso + mαβ

fib )δκαβ + mαβσ

fib δSαβσ

]
dA , (34)

where we have made use of a series of abbreviations for the stress resultants; a first set obtained by integration
through thickness

nαβ

iso :=

∫
ϖiso

∂Ψ iso

∂Ĉαβ

dθ3 and mαβ

iso :=

∫
ϖiso

2θ3 ∂Ψ iso

∂Ĉαβ

dθ3 (35)

and a second set for the fiber contributions

nαβ

fib :=
∂Ψfib

∂aαβ

, mαβ

fib :=
∂Ψfib

∂καβ

and mαβσ

fib :=
∂Ψfib

∂Sαβσ

(36)

directly related to the mid-surface, see Appendix C for further details. The variations of aαβ , καβ and Sαβσ can be
expressed in terms of δr(θα) = r̂ ,ε(θα, ε0), which is the variational derivative of r2 induced by the one-parameter
family r̂(θα, ε) for which r̂(θα, ε0) = r(θα) holds. The variation of the covariant base vectors as well as the partial
derivatives thereof are δaα = δr ,α and δaα,β = δr ,αβ , respectively. The variation of the first fundamental form (5)
can be written as

δaαβ = aα · δaβ + aβ · δaα . (37)

The variation of the out-of-plane curvature changes is due to (23) and (7) given by

δκαβ = −(δaα,β · n + aα,β · δn) , (38)

where the variation of the unit normal vector reads

δn =
(I − n ⊗ n)(a1 × δa2 + δa1 × a2)

∥a1 × a2∥
(39)

using the identity map I . Eventually, the variation of the in-plane curvature (20) gives rise to

δSαβσ = δaα,β · aσ + aα,β · δaσ − Γ̄ λ
αβ(aλ · δaσ + aσ · δaλ). (40)

2 For details on the functional space of the admissible test functions see end of Section 3.2.
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3.1. Strain energies

For the matrix material, we assume the existence of an incompressible neo-Hookean material, given by

Ψ iso
=

1
2
µ

(
tr(Ĉαβ Gα

⊗ Gβ) +

(
1

Ĵ0

)2

− 3
)

=
1
2
µ

(
ĈαβGαβ

+
det(Gµν)

det(Ĉαβ)
− 3

)
, (41)

with the shear modulus µ. This strain energy function is obtained from its three-dimensional version by assuming
a plane stress distribution in the three-dimensional continuum together with a decoupling of in-plane and thickness
deformations. Note that this is a correction on a constitutive level for the too restrictive kinematical ansatz (3),
which does not allow for thickness deformation.

Remark 1. For a compressible material model, the plane stress condition cannot be inserted analytically, i.e. we
have to condense the corresponding conditions numerically. For details, we refer to Kiendl et al. [37].

Assuming rectangular cross-sections for the embedded fibers, we adopt the following strain energy function

Ψfib
=

2∑
α=1

aα

2
(λα − 1)2

+
a3

2
tan(ϕ)2

+

3∑
i=1

ki

2
(Ki )2

+
1
2

(g1(gL · gL ) + g2(gM · gM ) + g3(Γ · Γ )) (42)

where the constant material parameters ai are associated to the stretch and the change of angle between the fibers.
In particular, aα = Eαhf correlates to Young’s modulus Eα of the particular fiber, whereas a3 = Ghf represents the
shear stiffness of a shell continuum. Note that the fiber formulation does not take any Poisson effect into account,
i.e. the Poisson’s ratio ν = 0 and thus, G =

1
2 E in a classical continuum. In the present formulation, G represents

the stiffness against twist between the fibers and is in general independent of the fiber stiffness. The out-of-plane
bending stiffness kα depends on the particular microstructure of the embedded fibers, i.e. on the second moment
of area, such that kα = Eα Iα/bα . Here, bα denotes a representative in-plane length scale of the fiber, such that we
obtain a bending stiffness of kα = Eαh3

f /12 for a continuously distributed fiber. Analogously, we obtain for the
in-plane bending stiffness gα = Eαb2

αhf/12. Note that other microstructures are possible, although characteristics
like fiber height and width have to be discussed and validated for the particular geometry. Eventually, the terms
associated with k3 and g3 control the fiber torsion as well as the in-plane deformation captured by Tchebychev
curvatures and strain gradients, see Appendix B.

Remark 2. Assuming that the same fibers are used in both directions, the same material parameters can be applied
for both fibers, i.e. a1 = a2, k1 = k2 and g1 = g2. Moreover, we note that the used strain measures of the fiber
components associated with curvature terms account always for combined effects of the gradients of the fiber stretch
and bending. Thus, the identification of the material parameters in terms of classical beam theory is limited, as we
will show in Section 5.

3.2. Localization

To identify and collect the resulting bending moments and normal stress contributions, we reorganize the virtual
work expression. First, we reorganize the variation of the curvature tensor as follows

δbαβ = n · δaα,β + aα,β · δn ,

= n ·
[
δaα,β − Γ σ

αβδaσ

]
,

(43)

where we make use of aσ ·δn = −n ·δaσ and n ·δn = 0 along with the Gauss and Weingarten relation (6)1. Taking
the second covariant derivative introduced in (21) into account yields

δbαβ = n ·
[
δr |αβ − Sσ

αβδaσ

]
. (44)

Next, the covariant term Sαβσ = (Γ λ
αβ − Γ̄ λ

αβ)aλσ gives rise to

δSαβσ = δΓαβσ − Γ̄ λ
αβδaλσ , (45)
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which yields after some tedious, but straight forward manipulations

δSαβσ = aσ · δr |αβ +
[
bαβn + Sλ

αβ aλ

]
· δaσ . (46)

Note that we can rewrite the energy equivalently in terms of the contravariant form Sσ
αβ , which can be rewritten as

δSσ
αβ = aσ

· δr |αβ +
[
bαβaσλn − Sλ

αβ aσ
]
· δaλ , (47)

see Steigmann [21] for details. The above redefinition of the variation of the different strain measures in terms of
δaσ = δr ,σ and δr |αβ = δr ,αβ − Γ̄ σ

αβδr ,σ allows us now to write the internal virtual work as

δΨ = Nα
· δr ,α + Mαβ

· δr |αβ . (48)

Comparing (32) and (34) with (37), (44) and (46) yields

Nα
=

[
2
(

∂Ψ

∂aαβ

)sym(αβ)

+

(
∂Ψ

∂Sγ λα

)sym(γ λ)

Sβ

γλ

]
aβ+[(

∂Ψ

∂Sγ λα

)sym(γ λ)

bγ λ +

(
∂Ψ

∂κγ λ

)sym(γ λ)

Sα
γλ

]
n

(49)

and

Mαβ
=

(
∂Ψ

∂Sαβσ

)sym(αβ)

aσ −

(
∂Ψ

∂καβ

)sym(αβ)

n. (50)

Here, the symmetric part of the derivative (•)symαβ is introduced, where the symmetry condition is applied with
respect to α and β, i.e.(

∂Ψ

∂Sαβσ

)sym(αβ)

=
1
2

(
∂Ψ

∂Sαβσ

+
∂Ψ

∂Sβασ

)
. (51)

Next, we resolve the second covariant derivative

Mαβ
· δr |αβ = Mαβ

· δr ,αβ − Mγ λΓ̄ α
γλ · δr ,α , (52)

such that we obtain for the virtual internal work

δΨ = Ñ
α

· δr ,α + Mαβ
· δr ,αβ , (53)

where

Ñ
α

= Nα
− Mγ λΓ̄ α

γλ. (54)

Insertion in (34) and subsequent integration by parts yields

δW int
=

∫
Ω

[
(Ñ

α
− Mαβ

,β ) · δr + Mαβ
· δr ,β

]
,α

−

[
Ñ

α

,α − Mαβ

,αβ

]
· δr dA. (55)

The results of the divergence theorem applied on the first term can be decomposed in normal and tangential direction,
i.e. normal and tangential to the edges of the shell∫

∂Ω

[
(Ñ

α
− Mαβ

,β ) · δr + Mαβ
· δr ,β

]
να dS =∫

∂Ω

(Ñ
α

· δr)να − (Mαβ

,β · δr)να+(Mαβ
· δr ,ν)νανβ + (Mαβ

· δr ,τ )νατβ dS
(56)

where ν = να Aα is the rightward unit normal to ∂Ω and τ = τα Aα the tangential unit vector. Moreover,
δr ,ν = ναδr ,α and δr ,τ = τ αδr ,α are the corresponding derivatives, decomposed in tangential and normal direction.
A secondary integration by parts with subsequent application of the divergence theorem of the last term on the right
hand side of (56) on the boundary ∂Ω of the shell yields∫

∂Ω

Mαβνατβ · δr ,τ dS =

∑
∂2Ω

[Mαβνατβ]i · δr i −

∫
∂Ω

(Mαβνατβ)′ · δr dS , (57)
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where (•)′ = d(•)/ dS and the square brackets refer to the corner i at the boundary. Assuming that the principle of
virtual work 0 = δW int

− δW ext is valid with respect to the corresponding functional spaces of admissible solution
and test functions defined at the end of this Section, the external contribution can be formulated as

δW ext
=

∫
Ω

g · δr dA +

∫
Υ

t · δr + µ · δr ,ν dS +

∑
i

f i · δr i . (58)

where the edge Υ is assumed to be an open set on ∂Ω and the vertices i ∈ Ξ = [1, . . . , n] are defined on ∂2Ω .
Moreover, g denotes a distributed load, e.g. gravitational load. Eventually, we obtain the strong form of the second
gradient problem as

(Ñ
α

− Mαβ

,β ),α + g = 0 on Ω , (59)

with boundary conditions at the edges

r = r̃ on Υr ,

Ñ
α
να − Mαβ

,β να − (Mαβνατβ)′ = t on Υt ,

r ,ν = k̃ on Υk ,

Mαβνανβ = µ on Υµ

(60)

and at the vertices
r i = r̃ i on Ξd ,[

Mαβνατβ

]
i = f i on Ξ f

(61)

of the shell. As usual for fourth-order boundary value problems, we decompose the whole boundary twice. First,
Υ = Υr ∪ Υt , with respect to Υr ∩ Υt = ∅, and second, Υ = Υk ∪ Υµ, with respect to Υk ∩ Υµ = ∅. Note that
Υr,t,k,µ are open sets on ∂Ω , and we have additionally Ξ = Ξ f ∪ Ξd with respect to Ξ f ∩ Ξd = ∅.

Eventually, we introduce the functional space of admissible solutions

S = {r ∈ H2(Ω ) | r = r̃ on Υr , r ,ν = k̃ on Υk, r i = r̃ i on Ξd} , (62)

and the space of admissible trial or test functions

V = {δr ∈ H2(Ω ) | δr = 0 on Υr , δr ,ν = 0 on Υk, δr i = 0 on Ξd} , (63)

required for the principle of virtual work. Note that the enforcement of the gradient terms in the space of admissible
solutions is not trivial, see Schuß et al. [40] for details.

4. Isogeometric discretization

Concerning the spatial discretization, the surface domain Ω is subdivided into a finite set of non-overlapping
elements e ∈ N such that

Ω ≈ Ωh
=

⋃
e∈N

Ωe . (64)

Due to the use of the curvature coefficients in the presented model, the variational problem requires approximation
functions which are globally at least C1-continuous. To meet this continuity requirement an isogeometric analysis
approach which employs Non-Uniform rational B-splines (NURBS) of order pα ≥ 2 can be applied. Therefore,
polynomial approximations of the deformed geometry in the shell mid-surface geometry r and its variation δr are
defined as

rh
=

∑
I∈I

R I q I and δrh
=

∑
J∈I

R J δq J , (65)

respectively, where q I ∈ R3 and δq J ∈ R3. Introducing global shape functions R I
: Ωh

→ R associated with
control points I ∈ I = {1, . . . , n}, NURBS based shape functions read

R I
:= R i (θ ) =

∏2
α=1 Biα (θα)wi∑

j
∏2

α=1 B jα (θα)w j
, (66)
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where Biα are univariate non-rational B-splines defined on a parametric domain which is subdivided by the knot
vector [θα

1 , θα
2 , . . . , θα

nα+pα+1], n = n1n2. The recursive definition of a single univariate B-spline is given as follows

Biα
pα

(θα) =
θα

− θα
iα

θα
iα+pα

− θα
iα

Biα
pα−1(θα) +

θα
iα+pα+1 − θα

θα
iα+pα+1 − θα

iα+1
Biα+1

pα−1(θα) , (67)

beginning with

Biα
0 (θα) =

{
1 if θiα ≤ θα < θα

iα+1
0 otherwise

. (68)

Moreover, w j are corresponding NURBS weights. For further details on the construction of NURBS based shape
functions as well as the construction of local refinements related to the IGA concept, see e.g. Cottrell et al. [34],
Bornemann and Cirak [41], Hesch et al. [42] and Dittmann [43].

The approximations of the tangent vectors and their respective variations read

ah
α := rh

,α =

∑
I∈I

R I
,αq I and δah

α := δrh
,α =

∑
J∈J

R J
,αδq J . (69)

Thus, the approximations of the normal vector and its variation are given as

nh
:=

ah
1 × ah

2

∥ah
1 × ah

2∥
and δnh

:=
(I − nh

⊗ nh)(ah
1 × δah

2 + δah
1 × ah

2)
∥ah

1 × ah
2∥

. (70)

The approximations of the second covariant derivative and its variation read

ah
α,β := rh

,αβ =

∑
I∈I

R I
,αβq I and δah

α,β := δrh
,αβ =

∑
J∈J

R J
,αβδq J . (71)

Moreover, the membrane strains, the in- and out-of-plane curvature as well as their variations are discretized as

ah
αβ = ah

α · ah
β and δah

αβ = ah
α · δah

β + ah
β · δah

α , (72)

κh
αβ = ah

α,β · nh and δκh
αβ = δah

α,β · nh
+ ah

α,β · δnh , (73)

Sh
αβσ = ah

α,β · ah
σ − Γ̄ h,λ

αβ ah
σλ and δSh

αβσ = δah
α,β · ah

σ + ah
α,β · δah

σ − Γ̄ h,λ
αβ δah

σλ . (74)

To complete the approximation of the strain measures, the discrete right Cauchy–Green tensor and its variation is
given as follows

Ĉh
αβ = ah

αβ − 2θ3ah
α,β · nh and δĈh

αβ = δah
αβ + 2θ3δκh

α,β . (75)

Now, using above approximations the discrete version of the internal virtual work given in (34) reads

δW int,h
=

∫
Ωh

[
(nαβ

iso,h + nαβ

fib,h)δah
αβ + (mαβ

iso,h + mαβ

fib,h)δκh
αβ + mαβσ

fib,hδSh
αβσ

]
dA , (76)

where discrete versions of the stress resultants for the matrix material are given as

nαβ

iso,h =

∫
ϖiso

∂Ψ iso,h(Ĉh
i j )

∂Ĉh
αβ

dθ3 and mαβ

iso,h =

∫
ϖiso

2θ3
∂Ψ iso,h(Ĉh

i j )

∂Ĉh
αβ

dθ3 (77)

and for the fiber material as

nαβ

fib,h =
∂Ψfib,h(ah

αβ, Sh
αβσ , κh

αβ)

∂ah
αβ

,

mαβ

fib,h =
∂Ψfib,h(ah

αβ, Sh
αβσ , κh

αβ)

∂κh
αβ

,

mαβσ

fib,h =
∂Ψfib,h(ah

αβ, Sh
αβσ , κh

αβ)

∂Sh
αβσ

.

(78)
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Fig. 2. Computational mesh consisting of 3 × 2 cubic B-spline based elements.

Moreover, the discrete version of the external virtual work given in (58) reads

δW ext,h
=

∫
Ωh

g · δrh dA +

∫
Υh

t · δrh
+ µ · (να,hδrh

,α) dS +

∑
i

f i · δrh
i , (79)

where νh
= να,h Aα is the discrete version of the rightward unit normal to ∂Ωh.

5. Numerical examples

In the following, we investigate several numerical examples that assess the accuracy and performance of the
proposed second gradient model. First, we investigate a series of benchmark examples with respect to analytical
solutions. We make use of the incompressible Neo-Hookean model given in (41) as well as a compressible version
given by

Ψ iso
=

1
2
µ(J−2/3tr(Ĉ) − 3) +

1
4
κ(J 2

− 1 − 2ln(J )) (80)

for the matrix material and the model given in (42) for the fiber material.
Secondly, we calibrate the combined matrix and fiber material with experimental measurements. Therefore, we

make use of a compressible Neo-Hookean model for the matrix material given in (80).
Finally, a third example demonstrates the application of the model to a more complex, non-planar geometry

using the fitted set of material parameters obtained within the previous examples. Here, we focus on the influence
of the in-plane bending contributions of the fiber material.

5.1. Verification

In this section a step by step verification of the numerical framework is presented. Therefore, we conduct several
numerical tests which allow us to investigate each effect of the fiber material separately. Unless otherwise defined,
a shell of size l × b = 0.15 [m] × 0.1 [m] discretized by 3 × 2 cubic B-spline based elements is applied. The
computational mesh and the material setting are given in Fig. 2 and Table 1, respectively. Note that for each B-
spline based mesh considered in this section, knot vectors of the structure [θα

1 = · · · = θα
pα+1 < · · · < θα

nα+1 =

· · · = θα
nα+pα+1] are applied.

5.1.1. Tensile test
We start our investigation with a tensile test to verify the behavior related to a stretching of the fibers, i.e. we

set a1 = a2 = hf E = 12 [kN/m] and neglect all other contributions of the fiber material. The left edge of a shell is
fixed and the right edge is moved in e1-direction by u, see Fig. 3 for details.

In Fig. 4, the strain energy per unit reference area is depicted for the pure matrix material using a shell thickness
of h = 0.002 [m]. Moreover, strain energy densities for the pure fiber material with hf = 0.002 [m] as well
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Table 1
Material setting of the composite material.

Incompressible matrix material
Shear modulus µ 2 [MPa]
Thickness h − hf 0.001 [m]

Fiber material
Young’s modulus E 6 [MPa]
Thickness hf 0.001 [m]

Fig. 3. Tensile test. Problem setting. The lines illustrate the fiber structure.

Fig. 4. Tensile test. Strain energy density of the matrix material at displacement u = 0.15 [m].

as for the composite material using the setting from Table 1 are shown in Fig. 5. Therein fiber orientations of
α = [0◦, 15◦, 30◦, 45◦] are applied. Note that the fiber material in the 0◦ configuration does not experience lateral
strains under longitudinal displacement conditions at the right edge. Here, we obtain a constant energy density of
6 [kJ/m2] which is in accordance with the analytical solution, i.e.

∑
α aα(λα − 1)2/2 with λ1 = 2 and λ2 = 1.

Fig. 6 shows the load deflection result, where results for the pure matrix material, the pure fiber material and
the composite material are considered. Concerning the fiber material with a 0◦ fiber orientation, we obtain a load
of 1.2 [kN] which matches again with the analytical solution. This can be calculated in a straightforward manner
using (49) and (60) by which we obtain a constant traction at the right boundary of t =

a1u
l e1.

5.1.2. Shear test
Next, we deal with a simple shear test. To be specific, the lower edge of a shell is fixed, the left and right edges

are fixed in e2-direction and the upper edge is moved in e1-direction by u as illustrated in Fig. 7. To verify the
implementation, numerical results using pure fiber material (hf = 0.002 [m]) have to match analytical solutions.
Therefore, we set α = 0◦, a1 = a2 = 12 [kN] and a3 = hfµ = 4 [kN/m]. All other parameters are set equal to zero.

Figs. 8 and 9 show the distribution of the strain energy density and the load deflection result, respectively.
Therein, we obtain a homogeneous strain energy density of 3029.3 [J/m2]. The obtained results are in accordance
to analytical solutions, see Appendix D for a detailed derivation.
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Fig. 5. Tensile test. Strain energy density of the fiber material (left) and the composite material (right) at displacement u = 0.15 [m] and
fiber configurations of α = [0◦, 15◦, 30◦, 45◦] (from top to bottom). The lines illustrate the deformed fiber structure.

Fig. 6. Tensile test. Load deflection result of the fiber and matrix material (left) and the composite material (right).
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Fig. 7. Shear test. Problem setting. The lines illustrate the fiber structure.

Fig. 8. Shear test. Strain energy density of the fiber material at displacement u = 0.1 [m]. The lines illustrate the deformed fiber structure.

Fig. 9. Shear test. Load deflection result. Numerical and analytical solutions of resultant forces at the right edge Υ1 (left) and upper edge
Υ2 (right) are depicted.



J. Schulte, M. Dittmann, S.R. Eugster et al. / Computer Methods in Applied Mechanics and Engineering 362 (2020) 112845 15

Fig. 10. Out-of-plane bending test. Problem setting. The lines illustrate the fiber structure.

Fig. 11. Out-of-plane bending test. Configuration of the shell and strain energy distribution at different load steps. Pure matrix material
(left) and pure fiber material (right) are applied. The lines illustrate the deformed fiber structure.

5.1.3. Out-of-plane bending test
For the out-of-plane bending test, the left edge of a shell is clamped and the right edge is subject to an external

out-of-plane torque µ = Me2 as shown in Fig. 10. In contrast to previous tests, the shell used for this test has a
length of l = 1 [m] and a width of b = 0.1 [m] in the reference configuration, see Fig. 11. Using a thickness of
h = 0.002 [m] for pure matrix material and a thickness of hf = 0.002 [m] for pure fiber material, the area moment
of inertia is obtained by I = bh3/12 = bh3

f /12 = 66.6667 [mm4]. The applied torque M = 2π E I/ l is chosen such
that the shell describes a perfect circle in the asymptotic limit (see e.g. [36]) which holds for the fiber material by
setting α = 0◦, a1 = hf E = 12 [kN/m] and k1 = E I/b = 0.004 [Nm]. Moreover, for the matrix material we apply
the compressible model given in (80) with µ = E/2 = 3 [MPa] and κ = E/3 = 2 [MPa] which corresponds to
Poisson ratio of ν = 0.

In Fig. 11, the configuration of the shell is plotted along with the strain energy distribution for pure matrix and
pure fiber material at different load steps. The results shown therein are obtained by 80 × 8 cubic B-spline based
elements. Moreover, Fig. 12 shows the convergence properties for both materials, where the error is determined as
gap between the ends of the shell. Here, we observe a limit of convergence at a value of approximately 10−4 [m]
for pure matrix material, whereas for pure fiber material an error of less than 2 · 10−8 [m] is obtained. Note that
the limit of convergence using pure matrix material can be justified by known locking effects of Kirchhoff–Love
shell elements as it may occur even for high polynomial approximations, see e.g. [44–50]. In addition, the usage
of an internal Newton–Raphson iteration within the implementation of a compressible Neo-Hookean model for the
matrix material also limits the convergence.
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Fig. 12. Out-of-plane bending test. Convergence results.

Fig. 13. In-plane bending test. Problem setting. The lines illustrate the fiber structure.

Next, a verification of the in-plane bending behavior of the fiber material is demonstrated. Therefore, we use the
shell mesh defined for the out-of-plane bending test and set α = 0◦, a1 = hf E = 12 [kN/m] with hf = 0.002 [m]
and g1 = g2 = E Ī/b = 10 [Nm] with Ī = hfb3/12 = 166 667 [mm4]. All other parameters of the fiber material
are set equal to zero. Moreover, we apply µ = Me3 as an external in-plane bending torque, see Fig. 13 for details.
Again, the applied torque M = 2π E Ī/ l is chosen such that the shell describes a perfect circle in the asymptotic
limit, which is demonstrated in Fig. 14. Even if this result is not physically reasonable for a real composite due to
the material penetration, it verifies the implementation related to in-plane bending of pure fiber material.

5.1.4. In-plane bending test
5.1.5. Torsion test

Eventually, we verify the numerical framework related to a torsional deformation of the fiber material, see Fig. 15.
Therefore, the deformation is predetermined such that the shell undergoes a constant twist of ∂φ̄/∂ X1 = 1200 [◦/m]
with X1 = X · e1. Moreover, the parameters of the fiber material are defined by hf = 0.002 [m] and k3 = µIp/b =

5.002 [Nm] with a polar moment of inertia Ip = bhf(b2
+ h2

f )/12 = 166 733 [mm4]. Again, all other parameters are
set equal to zero.

Strain energy densities obtained at ∆φ̄ = 180◦ are depicted in Fig. 16 for different fiber configurations. As
expected, we obtain a highly stressed region along the central axis of the shell especially in the 0◦ fiber configuration,
whereas the fiber material does not contribute to the strain energy in the 45◦ configuration since the fibers are not
twisted. This is also evident in Fig. 17, where the twist of fiber is plotted for fiber configurations of α = 0◦ and
α = 45◦. Concerning the 0◦ configuration, fibers in e1-direction undergo a twist of ∂φ̄/∂ X1 = 1200 [◦/m] at
the central axis of the shell. Moreover, analytical details related to the torsional test can be found in Appendix E
verifying the numerical results shown in Fig. 16.

5.2. Calibration and validation

As introduced in Section 1.2, we investigate Tepex®dynalite 102-RG600(1)/47 from LANXESS as prototypical
composite material, consisting of 47% vol. of a woven fabric (roving glass) and polycaprolactam (PA 6) as matrix
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Fig. 14. In-plane bending test. Configuration of the shell and strain energy distribution at different load steps using pure fiber material.
The lines illustrate the deformed fiber structure.

Fig. 15. Torsion test. Problem setting. The lines illustrate the fiber structure.

material. The matrix material is hydrophilic with a maximum absorption of moisture between 2.6% and 3.4%. For
the investigations presented here, a single layer material with layer thickness of 0.5 [mm] has been specifically
manufactured for this test, since multi-layered material with different fiber angles intermix various physical effects
within the measurements.

The surrounding matrix material stiffens the woven fabric and connects the junctions of the fibers. The fibers
within the composite material have significant bending stiffness due to the matrix material surrounding every single
string within the fibers. Additional stiffening mechanisms are present depending on the actual weave of the woven
fabric, since the fibers are subject to frictional behavior at the junctions. These effects arise only for the combined
composite material and thus, cannot be separated within the experimental investigations, i.e. we always obtain a
mean value of the material characteristics.

Remark 3. The matrix material is in general governed by a far more complex constitutive behavior in the inelastic
regime. Moreover, fibers and matrix might separate in the presence of large deformations, i.e. both materials can
be characterized by separately assigned deformation fields, coupled via corresponding constitutive laws. For now,
we restrict ourself to the hyperelastic regime without fiber separation.
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Fig. 16. Torsion test. Strain energy distribution of the fiber material at ∆φ̄ = 180◦ using different fiber configurations α = [0◦, 15◦, 30◦, 45◦]
(from left to right and top to bottom). The lines illustrate the deformed fiber structure.

5.2.1. Experimental setup
For the tests on the fiber reinforced material, standard specimens with 125 [mm] × 25 [mm] and 125 [mm] ×

36 [mm] were prepared and pulled with 0.5 [mm/s] on a universal testing machine. To prevent slipping between the
testing machine and the specimen, considerable clamping forces are required. To preserve the underlying material
from fracturing due to the clamping forces, additional 20 [mm] cap strips (width is adjusted to the sample) made
from the same material with fiber orientation rotated 45◦ against the orientation of the fibers of the samples were
glued at both sides at the ends of the specimen. Fig. 18 displays the clamping device for a 36 [mm] specimen.

For the digital image correlation measurements of the fiber reinforced material, the optical system Q400 from
Limess & Software GmbH was used. The evaluation of the images was done in Instra4D, version 4.1. For the
analysis, Instra4D generates a quadratic mesh within the region of interest with an element size of 5 pixels. At each
node of the mesh, a facet of 29 pixels was applied, i.e. each facet is slightly larger compared to a single element of
the correlation mesh. Note that at least one characteristic object of the speckle-pattern has to be inside every facet.
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Fig. 17. Torsion test. Twist of fiber at ∆φ̄ = 180◦ using a fiber configuration of α = 0◦ (left) and 45◦ (right). The lines illustrate the
deformed fiber structure.

Fig. 18. Clamping devise with 36 mm specimen, undeformed configuration.

To control the calculated strains, the position of each identified object in the current configuration was calculated
back into the reference configuration and compared with the original picture with a maximum tolerance of 0.3 pixel.

In Fig. 19, the measurements until failure of the 25 [mm] specimen with 30◦ fiber orientation are presented. As
can be seen, a damage process starts after 0.4 [mm] corresponding to a load of 500 [N] and the fracture process
begins at a displacement of approximately 6 [mm]. In particular, the fibers start to rupture as indicated by the
post-fracture curves. Since we are interested in the elastic material behavior, we restrict the following diagrams to
the regions of interest.

5.2.2. Results
Tension test. We first elaborated tension tests with 0◦, 15◦, 30◦ and 45◦ fiber orientation. Here, experimental data
of 25 [mm] specimen are compared with numerical results using 34 × 10 cubic elements. Shear and bulk modulus
used within the compressible model (80) for the PA 6 matrix material are assumed to be µ = 384.62 [N/mm2]
and κ = 833.33 [N/mm2], respectively. This setting corresponds to Young’s modulus of Eiso = 1000 [N/mm2]
and Poisson ratio of ν = 0.3. Moreover, for the glass fibers we assume Efib = 73 000 [N/mm2]. The thickness
of the material is h = 0.5 [mm], with 47% vol. of woven fabric, from which 50% are aligned in L and M
direction, respectively. Thus, we obtain the material constants for the fiber stretch contributions via 0.5hEfib × 0.47
as a1/2 = 8577.5 [N/mm], which corresponds to a combined Young’s modulus of 17 685 [N/mm2]. As can be seen
in Fig. 20 for the 0◦ fiber orientation, the simulation fits perfectly the experiments.

The value for a3 = 250 [N/mm] is related to the interaction between the fibers and cannot be derived from other
constants. Thus, we have fitted the value to the experimental observation obtained by a fiber orientation of 45◦,
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Fig. 19. Experimental force–displacement curves for 25 mm specimen with 30◦ fiber orientation.

Fig. 20. Force–displacement curves of the tension test for 25 mm specimen with 0◦, 15◦, 30◦ and 45◦ fiber orientation (left to right, top to
down). Simulation results are compared with experimental investigations. Additionally, simulation results without in-plane bending stiffness
(Sim. wb) are shown to highlight the global effect of the non-classical in-plane curvature term.
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Fig. 21. 4-point bending test, deformed configuration.

see Fig. 20 (right, bottom). The bending stiffness g1 = g2 on the other hand is related to Young’s modulus via
g1/2 = Efib Ī/b = 893 500 [Nmm], where the second moment of inertia is Ī = b3hf/12 with hf = 0.47h. Note that
this approach is only a motivation for choosing the material constants g1 and g2, since this allows us a comparison
with analytical results as shown in Section 5.1.4. The values k1/2/3 do not contribute in these tension tests and g3 was
set to zero. Additional simulation results presented in Fig. 20 demonstrate the effects of the in-plane bending term,
i.e. we set g1 = g2 = 0, to compare the results with an anisotropic Kirchhoff–Love shell formulation neglecting
the higher gradient terms.

This example shows that the bending stiffness has considerable effects on the global stiffness and is not negligible.
The constitutive parameters chosen with respect to the different matrix and fiber materials and the respective
geometry allow for a nearly perfect prediction of the macroscopic behavior of this material with microstructure.
Only the parameter a3 is fitted, since the shear stiffness of the fibers depends on the weave of the fabric and the
production process in terms of applied pressure, heat and cooling rate. This result illustrates the necessity to include
higher gradient terms in the model for fiber reinforced polymers.

Bending test. Next, we investigate the out-of-plane bending stiffness, hence we validate the values for k1 and
k2. Therefore, a 4-point bending test as shown in Fig. 21 is conducted. For the experiments, a stack of 5
specimen with 125 [mm] × 25 [mm] in 0◦ fiber configuration were used, such that we expect a stiffness of 5 times
k1/2 = Efib I/b = 78.949 [Nmm], where I = bh3

f /12 and hf = 0.47h. The support structure has a width of 40 [mm]
between the inner brackets, and 30 [mm] between the outer and the inner brackets, such that the whole device has
a width of 100 [mm].

For the numerical validation, we discretize the shell with 50 × 10 cubic elements with prescribed displacements
in upward direction at the contact points of the support structure, such that the shell can slide over the bracket points
and the system is subject to pure bending. The results in Fig. 22 demonstrate the consistency of the formulation with
the experimental observations until a displacement of about 15 [mm]. Afterwards, inelastic effects can be observed,
resulting in a permanent deformation of the sample as can be observed in Fig. 23. After a displacement of 25 [mm],
the sample starts to slip over the brackets.

Digital image correlation. Finally, we show in Fig. 24 (top) the results of the Digital image correlation for the
25 [mm] specimen with 45◦ fiber orientation and a total displacement on the left boundary of 4.6 [mm]. Note
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Fig. 22. Force–displacement curves of the out-of-plane bending test for a 25 [mm] specimen with 0◦ fiber orientation. Simulation results
are compared with experimental investigations.

Fig. 23. 4-point bending test, permanent deformation of the sample after a full loading cycle.

that both sides are clamped in such a way that the displacement is prescribed and, additionally, the higher-order
boundary conditions are also set, preventing in-plane twist and torsion of the fibers. A direct comparison with
simulation results is not feasible, since the current model does not incorporate elastic softening or inelastic effects
of the polymeric matrix material. However, we want to highlight the strain gradient effects in terms of the resulting
deformation patterns. Therefore, the stiffness of the matrix material Eiso and the bending stiffness g1 and g2 is
reduced by a factor of 500 to fit the globally reduced stiffness of the inelastic deformed composite.3 In both plots
in Fig. 24 the strain gradient effects result in the stiffness of the fibers against in-plane bending, which can be
observed at the crosspoint of the fibers as highlighted by the red line.

Using the same material setting, we compare next results for a 36 [mm] specimen in 30/60◦ configuration, see
Fig. 25. As can be seen, the deformation patterns fit in general, although the fibers at the vertices of the sample
already start to fracture.

As final result of this section, we summarize the determined and validated material setting of our prototypical
composite material Tepex®dynalite 102-RG600(1)/47 in Table 2.

3 The bending stiffness of the pure fiber is nearly zero, but contribute considerably to the global stiffness if the fibers are embedded
within the matrix material. If the matrix is subject to inelastic effects, the bending stiffness is effected as well. Note that we have observed
pronounced inelastic deformations by evaluating hysteresis curves. A detailed investigation of inelastic effects including plastification of the
matrix material and fiber pullout is beyond scope of the current work, but will be part of a future contribution.
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Fig. 24. DIC measurement of a 25 [mm] specimen in 45◦ configuration (top) and simulation results (bottom) at 4.6 [mm] total displacement,
colors indicate local stretches in horizontal direction in [mm/m]. Black lines indicate the fiber direction in the current configuration. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 25. DIC measurement of a 36 [mm] specimen in 60◦ configuration (top) and simulation results (bottom) at 4.6 [mm] total displacement,
colors indicate local stretches in horizontal direction in [mm/m]. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Remark 4. Warp and weft direction are given in 0◦ and 90◦ direction, respectively. Both exhibit a slightly different
material behavior and are not perfectly aligned due to the production process. This can be calibrated using different
values for a1/2 and g1/2, which we omit here since the general behavior of this second gradient material is the key
issue in this paper.

5.3. Concluding example

This last example demonstrates the applicability of the proposed model to complex geometries with non-planar
reference configurations. Therefore we consider a shaft of length 50 [mm] and radius 50/π [mm] as shown in Fig. 26,
using the validated material setting given in Table 2. Additionally, we set g3 = 0 and k3 = 0. The discretization of the
shaft consists of 200 cubic B-spline based elements. To obtain a closed cylinder, the extended Mortar method [40]
is applied between the opposing edges in peripheral direction of the shell, maintaining G1-continuity, see also
Dittmann et al. [51,52] for more details. The displacement on the left in e2-direction of the cylinder is fixed in
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Table 2
Material setting of Tepex®dynalite 102-RG600(1)/47.

Compressible matrix material (PA 6)

Shear modulus µ 384.62 [N/mm2]
Bulk modulus κ 833.33 [N/mm2]

Fiber material (roving glass)
Tensile stiffness a1, a2 8577.5 [N/mm]
Shear stiffness a3 250 [N/mm]
In-plane bending stiffness g1, g2 893 500 [Nmm]
Out-of-plane bending stiffness k1, k2 78.949 [Nmm]

Fig. 26. Concluding Example. Problem setting and computational mesh.

Fig. 27. Concluding Example. Strain energy density of the matrix material.

space, whereas the displacement on the right is fixed on the (e1, e3)-plane and rotated as illustrated in Fig. 26. Note
that no higher order boundary conditions according to (60)3 and (61) are applied.

First, we investigate a pure matrix material. After a prescribed angle of ∆φ̄ = 3.3◦, the shell starts to buckle.
The last state of equilibrium is obtained at an angle of ∆φ̄ = 12.6◦, see Fig. 27. Note that e.g. an arc length method
can be used to calculate further states in the geometrically unstable regime. In Fig. 28, the applied torque necessary
to obtain the prescribed twist at the right hand side of the shell versus the angle of twist ∆φ̄ is plotted for the pure
matrix as well as for the composite material with different fiber orientations with and without the in-plane bending
terms.
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Fig. 28. Concluding Example. Torque versus angle of twist. Displayed are the results for the pure matrix material, the composite and the
composite without the additional in-plane contributions (composite*).

Next, the composite material is investigated. In Fig. 29, upper left, the strain energy for a 0◦ fiber configuration
after a prescribed twist of ∆φ̄ = 90◦ is displayed. Note that the fiber orientation and not the computational mesh is
shown. The corresponding torque is given again in Fig. 28. Several issues can be highlighted here. First, the higher
order boundary conditions as presented in (60)3 are not set and thus, the fibers can twist in-plane at the boundary.
This can be observed very well in Fig. 29, upper left. If bending would be prohibited at the boundary, the fibers
have to remain orthogonal with regard to the boundary. Since these additional boundary conditions are unknown
to a first gradient theory or even to the classical Kirchhoff–Love shell theory which only considers the out- and
not the in-plane contributions, the proposed formulation is the only way to enforce this consistently within the
mechanical formulation. Second, the in-plane terms stabilize the shell against buckling. Fig. 30, upper left, shows
the results if the additional in-plane terms are not present, i.e. the material constants g1 and g2 are set to zero. Thus,
we obtain the results for an anisotropic Kirchhoff–Love formulation, usual fitted via a first-gradient homogenization
process, showing large buckling modes. To illustrate this further, the strain energy of the in-plane contributions for
the deformed configuration (cf. Fig. 30, upper left) is plotted in Fig. 31. As can be observed, a dramatic increase
of the in-plane strain energy occurs for this heavily deformed configuration, hence, in the mechanical equilibrium
this buckling mode is not possible.

Additionally, results for 15◦, 30◦ and 45◦ fiber orientation are plotted (upper right, lower left and lower right
picture in Figs. 29 and 30). The corresponding torque is plotted again in Fig. 28. Notably, a nearly constant strain
energy distribution can be observed in Fig. 29, lower right and upper left.

6. Conclusions

In this paper, we formulate a Kirchhoff–Love shell theory to account for in-plane bending flexure resistance
of embedded fibers. More specifically, the proposed formulation addresses in total additional twelve curvature
components. Based on this set of deformation measures, we can now apply standard 3D constitutive laws to the
shell continuum and combine them with the contribution of the woven fabric to describe composite materials in
the hyperelastic regime. Moreover, the localization allows us to identify the corresponding boundary terms, which
account for additional Dirichlet and Neumann contributions as required by fourth-order partial differential equation.

The verification and adjustment of the corresponding material parameters allows us to identify the physical effects
of the higher-order terms in this prototypical second gradient material. Based on this verification step, we can now
for the first time calibrate and validate a second gradient formulation using experimental results for fiber reinforced
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Fig. 29. Concluding Example. Strain energy density of the composite material with different fiber orientations α = [0◦, 15◦, 30◦, 45◦] (from
left to right and top to bottom) plotted at the final deformation state marked in Fig. 28.

material. This material is composed of a first gradient polymeric material and a second gradient woven fabric made
of glass fiber.

Thus, we are now able to conduct simulations in the hyperelastic regime of this complex material behavior.
Further developments will incorporate additional inelastic properties along with fracture mechanisms, as proposed
e.g. in Dittmann et al. [53,54] and Aldakheel et al. [55].
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Appendix A. Frame invariance

To demonstrate the invariance of the introduced measures {aαβ, κα,β, Sσ
α,β} under superposed rigid body motions

we define rigid motions of the form

r+
:= u + Qr , (81)

where u ∈ E3 and Q ∈ SO(3) is a rotation tensor with the property QT Q = I . Then, the first and second partial
derivative read

a+

α = Qr ,α and a+

αβ = Qr ,αβ . (82)



J. Schulte, M. Dittmann, S.R. Eugster et al. / Computer Methods in Applied Mechanics and Engineering 362 (2020) 112845 27

Fig. 30. Concluding Example. Strain energy density of the composite material with different fiber orientations α = [0◦, 15◦, 30◦, 45◦] (from
left to right and top to bottom) without in-plane contributions plotted at the final deformation state marked in Fig. 28.

Fig. 31. Concluding Example. Estimated strain energy density of the in-plane contribution using the deformed configuration in 30, upper
left.

Starting with the covariant metric coefficients one gets

a+

αβ = a+

α · a+

β = ( Qr ,α) · ( Qr ,β) = r ,α · QT Q  
=I

r ,β = aαβ (83)
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which clearly holds also for the contravariant metric coefficients, i.e. (aαβ)+ = aαβ . With respect to this result, we
can show

S+

αβλ = Γ+

αβλ − Γ̄ λ
αβa+

αλ = ( Qr ,λ) · ( Qr ,αβ) − Γ̄ λ
αβaαλ = r ,λ · QT Q  

=I

r ,αβ − Γ̄ λ
αβaαλ = Sαβλ (84)

as well as

(Sσ
αβ)+ = S+

αβλ(aσλ)+ = Sαβλaσλ
= Sσ

αβ , (85)

i.e. the frame invariance of the co- and contravariant in-plane curvature tensor is confirmed. Eventually, we obtain
for the out-of-plane curvature tensor

κ+

αβ = Bαβ − b+

αβ

= Bαβ − Qr ,αβ ·
Qa1 × Qa2

∥ Qa1 × Qa2∥

= Bαβ −
det( Qr ,αβ, Qa1, Qa2)√

det(a+

αβ)

= Bαβ − det( Q)  
=1

det(r ,αβ, a1, a2)√
det(aαβ)

= καβ .

(86)

confirming again the frame invariance. Note that frame invariance of the deformation measures imply translational
as well as rotational invariance of the strain energy which in turn implies satisfaction for conservation of linear and
angular momentum, see Hesch & Betsch [56] and Marsden & Ratiu [57] for further details.

Appendix B. Fiber deformation measures

To obtain more insight into the fiber deformation measures (24)–(27), we derive them in the following from
the conception that the fibers are modeled as mathematical curves with appropriate kinematical and constitutive
structure to capture the mechanical properties of the reinforcement. Besides the applied formulation as functions
of aαβ , Sσ

αβ , καβ and θα , we show alternative representations in terms of stretch and curvature quantities given to
mathematical curves.

The unit tangents to the fibers on ω are denoted by l and m. Since these vectors are necessarily tangent to the
mid-surface, they can be represented as

l = lαaα and m = mαaα. (87)

For the description of the fibers in the reference mid-surface Ω , we introduce the tangents L and M, which do not
necessarily have unit length but which are orthogonal to each other and can be written as

L = Lα Aα and M = Mα Aα. (88)

Since the fibers are convected as material curves, the tangent vectors are related by

λ1l = F
L

∥L∥
and λ2l = F

M
∥M∥

(89)

where we made use of the fiber stretches

λ1 :=

⏐⏐⏐⏐⏐⏐⏐⏐ FL
∥L∥

⏐⏐⏐⏐⏐⏐⏐⏐ =

√
aαβ Lα Lβ√
Aµν LµLν

and λ2 :=

⏐⏐⏐⏐⏐⏐⏐⏐ F M
∥M∥

⏐⏐⏐⏐⏐⏐⏐⏐ =

√
aαβ Mα Mβ√
Aµν MµMν

. (90)

Therefore, the corresponding contravariant components are connected by

Lα
= λ1∥L∥lα =

√
aµν LµLνlα and Mα

= λ1∥M∥Mα
=
√

aµν MµMνmα. (91)

The change of angle between the fibers can be easily obtained as

ϕ := acos

(
Aαβ Lα Mβ√

Aµν LµLν Aσρ Mσ Mρ

)
− acos

(
aαβ Lα Mβ√

aµν LµLνaσρ Mσ Mρ

)
. (92)
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For initially orthonormal fibers, the first term is certainly π/2.
To study the change of the tangent vectors l and m within the deformed mid-surface, we introduce the auxiliary

unit tangent vectors

p = n × l , q = n × m. (93)

Moreover, let l̃ : B → E3 and m̃ : B → E3 be such that

l(θα) = l̃(r(θα)) and m(θα) = m̃(r(θα)) . (94)

Then the gradients

∇ l̃(r) = l ,α ⊗ aα and ∇m̃(r) = m,α ⊗ aα (95)

are easily obtained by inserting dθα
= dr · aα into the expressions dl = l ,α dθα

= l ,α( dr · aα) = (l ,α ⊗ aα) dr
and dm = m,α dθα

= (m,α ⊗ aα) dr , respectively. Since ∥l∥ = ∥m∥ = 1, we have l · l ,α = m · m,α = 0 and the
partial derivatives of the unit vectors l and m can be expressed in the right-handed orthonormal bases {l, p, n} and
{m, q, n} as

l ,α = (l ,α · p) p + (l ,α · n)n and m,α = (m,α · q)q + (m,α · n)n. (96)

Using (87) together with the Gauss and Weingarten equation (6), the normal components in (96) can be expressed
using the covariant components of the mid-surface curvature bαβ as

l ,α · n = (lβ aβ),α · n = lβbβα and m,α · n = (mβ aβ),α · n = mβbβα. (97)

The change of the unit tangent vectors in tangential direction can therefore be represented by

∇ l̃(r)l = lα l ,α = ηl p + κl n and ∇m̃(r)m = mαm,α = ηm q + κm n (98)

with the normal fiber curvatures

κl := bαβlαlβ =
bαβ Lα Lβ

aµν LµLν
and κm := bαβmαmβ

=
bαβ Mα Mβ

aµν MµMν
(99)

and the geodesic curvatures

ηl := lα l ,α · p and ηm := mαm,α · q. (100)

The change of the unit tangent vectors of one fiber family in direction of the other fiber family leads to

∇ l̃(r)m = mα l ,α = φl p + τn and ∇m̃(r)m = mαm,α = φm q + τn , (101)

where we recognize the torsion and the respective Tchebychev curvatures, [18],

τ := bαβlαmβ
=

bαβ Lα Mβ√
aµν LµLνaσρ Mσ Mρ

, φl := mα(l ,α · p) , φm := lα(m,α · q). (102)

Similarly to (99) and (102), we can introduce the normal fiber curvatures κL , κM and the torsion τ̄ on the reference
mid-surface as

κL :=
Bαβ Lα Lβ

Aµν LµLν
, κM :=

Bαβ Mα Mβ

Aµν MµMν
and τ̄ :=

Bαβ Lα Mβ√
Aµν LµLν Aσρ Mσ Mρ

. (103)

Because these definitions rely on unit tangent vectors, the normalization by ∥L∥ and ∥M∥ are involved in here.
As deformation measures that captures the change in the normal curvature of the fibers, i.e. by out-of-plane

bending, we choose

K1 := −
καβ Lα Lβ

Aµν LµLν
= λ2

1κl − κL and K2 := −
καβ Mα Mβ

Aµν MµMν
= λ2

1κm − κM . (104)

The change in torsion by twisting the fibers is given by

K3 := −
καβ Lα Mβ√

Aµν LµLν Aσρ Mσ Mρ
= λ1λ2τ − τ̄ . (105)
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Finally, to describe the deformation of the fibers within the tangent planes of the mid-surfaces, like in-plane-bending,
we introduce as strain measures

gL :=
Lα Lβ Sαβσ

Aµν LµLν
aσ , gM :=

Mα Mβ Sαβσ

Aµν MµMν
aσ and Γ :=

Lα Mβ Sαβσ√
Aµν LµLν Aσρ Mσ Mρ

aσ . (106)

For initially straight fibers, the deformation measures (106) can be represented as

gL = λ1ηl p + (L · ∇λ1)l , gM = λ2ηm q + (M · ∇λ2)m
Γ = (L · ∇λ2)m + λ1λ2φm q = (M · ∇λ1)l + λ1λ2φl p ,

(107)

with the stretch gradients as ∇λ1 = λ1,α Aα and ∇λ2 = λ2,α Aα (see Equation (58) and (59) in [20]). We refer
to Section 2.4 of [20], where also the general precurved situation is analyzed. However, the restriction to straight
fibers lies only in the representation (107), which should help to get more insight into strain measures (106). In
fact, these strain measures obtained by the contraction of the fiber tangents of the reference mid-surface with the
third order tensor aσ ⊗ Sσ represent a combination of the gradients of the fiber stretch and in-plane-deformation
of the fibers described by geodesic and Tchebychev curvatures.

Appendix C. Stress resultants

Applying the strain energy function of the matrix material given in (41) and using [Ĉαβ] = [Ĉαβ]−1 together
with

∂

∂Ĉµν

( 1

det(Ĉαβ)

)
= −

1

det(Ĉαβ)2
det(Ĉλσ )Ĉµν

= −
Ĉµν

det(Ĉαβ)
(108)

we get

∂Ψ iso

∂Ĉµν

=
1
2
µ

(
Gµν

−
det(Gµν)

det(Ĉαβ)
Ĉµν

)
(109)

that has to be integrated in thickness direction to obtain the stress resultants.
The corresponding stress resultants of the first term (36)1 reads

nαβ

fib =
∂Ψfib

∂λ1

∂λ1

∂aαβ

+
∂Ψfib

∂λ2

∂λ2

∂aαβ

+
∂Ψfib

∂ϕ

∂ϕ

∂aαβ

+
∂Ψfib

∂Cσµ

∂Cσµ

∂aαβ

=a1(λ1 − 1)
∂λ1

∂aαβ

+ a2(λ2 − 1)
∂λ2

∂aαβ

+ 2a3
tan(ϕ)

cos2(ϕ)
∂ϕ

∂aαβ

+

(
g1

(Lγ LλSγ λσ )(Lζ L ιSζ ιµ)
(Aµν LµLν)2 + g2

(Mγ MλSγ λσ )(Mζ M ιSζ ιµ)
(Aµν MµMν)2

+ g3
(Lγ MλSγ λσ )(Lζ M ιSζ ιµ)

Aµν LµLν Aσρ Mσ Mρ

)
∂Cσµ

∂aαβ

,

(110)

where we have made use of (42) as strain energy function of the fiber material and

gL · gL =
(Lα Lβ Sαβσ )(Lγ LλSγ λµ)Cσµ

(Aµν LµLν)2 ,

gM · gM =
(Mα Mβ Sαβσ )(Mγ MλSγ λµ)Cσµ

(Aµν MµMν)2 ,

Γ · Γ =
(Lα Mβ Sαβσ )(Lγ MλSγ λµ)Cσµ

Aµν LµLν Aσρ Mσ Mρ
.

(111)

Moreover, the relations

∂λ1

∂aαβ

=
1
2

Lα Lβ√
aσλLσ Lλ Aµν LµLν

,
∂λ2

∂aαβ

=
1
2

Mα Mβ√
aσλMσ Mλ Aµν MµMν

(112)
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and

∂ϕ

aαβ

=
1√

1 −
(aαβ Lα Mβ )2

aµν LµLνaσρ Mσ Mρ

(
Lα Mβ√

aµν LµLνaσρ Mσ Mρ

−
aαβ Lα Mβ

2(aµν LµLνaσρ Mσ Mρ)3/2 (aµν LµLν Mσ Mρ
+ LµLνaσρ Mσ Mρ)

) (113)

as well as the partial derivative of the contravariant metric

∂Cσµ

∂aαβ

=
∂Cσµ

∂Cαβ

= −CσαCβµ (114)

have been used. For the second term (36)2, the stress resultants of the out-of-plane bending moments reads

mαβ

fib = −k1 K1
Lα Lβ

Aµν LµLν
− k2 K2

Mα Mβ

Aµν MµMν
− k3 K3

Lα Mβ√
Aµν LµLν Aσρ Mσ Mρ

, (115)

whereas the third term (36)3 yields

mαβσ

fib =g1
Lα Lβ(Lγ LλSγ λµ)

(Aµν LµLν)2 Cσµ
+ g2

Mα Mβ(Mγ MλSγ λµ)
(Aµν MµMν)2 Cσµ

+

g3
Lα Mβ(Lγ MλSγ λµ)

Aµν LµLν Aσρ Mσ Mρ
Cσµ .

(116)

Appendix D. Analytics – shear test

Assuming a linear parametrization of the reference mid-surface

r̄ = θ1e1 + θ2e2 with θ1
∈ [0, l] and θ2

∈ [0, b] , (117)

the analytical solution for pure fiber material with a fiber configuration of α = 0◦ can be derived as follows. Note
that we obtain A1 = e1 and A2 = e2 due to (117). The isochoric deformed configuration of the mid-surface shown
in Fig. 8 is described by

r(θ1, θ2) =

(
θ1

+
θ2u
b

)
e1 + θ2e2 , (118)

where u is the predefined displacement of the upper boundary, see Fig. 7. Now, applying (4), (5), (24) and (25) we
obtain

λ1 = 1, λ2 =

√(u
b

)2
+ 1 and ϕ =

π

2
− acos

⎛⎝ u
b√( u

b

)2
+ 1

⎞⎠ (119)

as fiber stretches and the change of angle between the fibers, respectively. Insertion of the strain measures into (42)
and (60) yields

Ψfib
=

a2

2

(√(u
b

)2
+ 1 − 1

)2

+
a3

2
tan

⎛⎝π

2
− acos

⎛⎝ u
b√( u

b

)2
+ 1

⎞⎠⎞⎠2

(120)

and after some straightforward calculations

N1
= a3Π

⎡⎣0
1
0

⎤⎦ and N2
= a2

⎛⎝1 −
1√( u

b

)2
+ 1

⎞⎠⎡⎣ u
b
1
0

⎤⎦+ a3
Π( u

b

)2
+ 1

⎡⎣ 1
−

u
b

0

⎤⎦ , (121)



32 J. Schulte, M. Dittmann, S.R. Eugster et al. / Computer Methods in Applied Mechanics and Engineering 362 (2020) 112845

where the abbreviation

Π =

tan

(
π
2 − acos

(
u
b√

( u
b )

2
+1

))

cos

(
π
2 − acos

(
u
b√

( u
b )

2
+1

))2 . (122)

is applied. Eventually, using (60) we can evaluate the resultant forces at the right boundary Υ1 and upper boundary
Υ2 as

FΥ1 =

∫
Υ1

[
N1 N2] νΥ1 dS = N1b and FΥ2 =

∫
Υ2

[
N1 N2] νΥ2 dS = N2l , (123)

respectively, where νΥ1 = [1, 0]T and νΥ2 = [0, 1]T are corresponding unit normal vectors. Thus, for the final
deformation state, i.e. u/b = 1, we obtain

Ψfib(u = 0.1 [m]) ≈ 3029.3
J

m2 (124)

as homogeneous strain energy distribution and the forces at the boundaries are

FΥ1 (u = 0.1 [m]) =

⎡⎣ 0
800

0

⎤⎦ [N] and FΥ2 (u = 0.1 [m]) ≈

⎡⎣−72.8
1127.2

0

⎤⎦ [N] . (125)

Appendix E. Analytics – torsion test

Assuming a linear parametrization of the reference mid-surface, cf. (117), with θ1
∈ [0, l] and θ2

∈ [−b/2, b/2]
such that A1 = e1 and A2 = e2, strain energy distributions for pure fiber material with different fiber configurations
can be evaluated as follows. The predefined deformation of the mid-surface shown in Figs. 16 and 17, respectively,
is described by

r(θ1, θ2) = θ1e1 + θ2 cos
(

πθ1

l

)
e2 + θ2 sin

(
πθ1

l

)
e3 . (126)

Applying (4), (7)2 and (23)2 we obtain

κ11 = κ22 = 0 and κ12 = κ21 = −
π√

(θ2π )2 + l2
. (127)

Concerning different fiber configurations defined by α, the vector fields L and M in the reference configuration are
given by

L1
= cos(α), L2

= sin(α), M1
= − sin(α), M2

= cos(α) . (128)

Eventually, insertion of these derivations into (26)3 and (42) yields

Ψfib
=

k3

2
(K3)2

=
k3

2
π2

(θ2π )2 + l2 (cos(α)2
− sin(α)2)2 . (129)

Note that for the evaluation all material parameters are set equal to zero excepted k3. Obviously, for the α = 45◦

fiber configuration, the strain energy distribution related to a torsional deformation of the shell is identical to zero,
whereas for each other configuration, the highest value is obtained at the central axis of the shell, i.e. at θ2

= 0.
We obtain for the α = 0◦ fiber configuration

Ψfib(θ2
= 0) ≈ 1097.06

J
m2 and Ψfib(θ2

= b/2) = Ψfib(θ2
= −b/2) ≈ 523.25

J
m2 , (130)

for the α = 15◦ fiber configuration

Ψfib(θ2
= 0) ≈ 822.8

J
m2 and Ψfib(θ2

= b/2) = Ψfib(θ2
= −b/2) ≈ 392.44

J
m2 (131)
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and for the α = 30◦ fiber configuration

Ψfib(θ2
= 0) ≈ 274.27

J
m2 and Ψfib(θ2

= b/2) = Ψfib(θ2
= −b/2) ≈ 130.81

J
m2 . (132)
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