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A B S T R A C T

In 1983, Andersen proposed the RATTLE algorithm as an extension of the SHAKE algorithm.
The RATTLE algorithm is a well-established method for simulating mechanical systems with
perfect bilateral constraints. This paper further extends RATTLE for simulating nonsmooth
mechanical systems with frictional unilateral constraints (i.e. frictional contact). With that, it
satisfies the need for higher-order integration methods within the framework of nonsmooth
contact dynamics in phases where the contact status does not change (i.e. no collisions/constant
sliding states). In particular, the proposed method can simulate impact-free motions, such as
persistent frictional contact, with second-order accurate positions and velocities and prohibits
penetration by unilateral constraints on position level.

. Introduction

Nonsmooth mechanics has emerged as a significant branch of mechanics that deals with systems that exhibit discontinuous
ehavior such as collisions, impacts, and friction, see e.g. [1–5]. It has proven to be an effective tool for analyzing the dynamics of
omplex systems in various applications, from mechanical engineering [6] to natural hazard research [7]. Time-integration methods
or nonsmooth mechanics are classically distinguished as either being event-driven [4] or as being event-capturing [1–3,5] methods.
ince the former is mainly designed for systems with a small number of events and cannot describe accumulation points, we focus
n the latter approach.

For applications without elastic impacts, a popular event-capturing method for the simulation of mechanical systems subjected
o frictional unilateral constraints was proposed by [8]. When also elastic impacts should be included, two major methods have
een established. The first method, known as the Moreau–Jean method [1,9–11], solves the constraints at the velocity level while
ncorporating a Newton-type impact law. The second method, referred to as the Schatzman–Paoli method [12,13], directly considers
he constraints at the position level and is restricted to frictionless unilateral constraints. Various variants of these methods have
lso been proposed and extensively discussed in literature (see e.g. [3] for further information). However, any of these methods is
onvergent of order one, even on time intervals without collisions, i.e., the total error decreases linearly with step-size [3]. Using
uch first-order methods, the numerical solution of nonsmooth mechanical systems with friction requires demanding restrictions
n the step-size choice in order to solve the underlying equations with satisfactory accuracy. Higher-order integration methods are
herefore a welcome alternative.

Up to now, there is no straightforward extension of higher-order integration methods to nonsmooth mechanical systems.
onetheless, a few attempts were made. For frictionless contacts, applicability of extrapolation methods are discussed in [14],
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while in [15] higher-order event-capturing methods are designed by coupling implicit Runge–Kutta methods with Moreau’s time-
stepping method. Using mollifier functions, Clenshaw–Curtis quadrature rules and an appropriate impact representation, application
of discontinuous Galerkin methods resulted in two Runge–Kutta collocation families [16] with higher-order accuracy during non-
impulsive phases. Further, their algorithms cope with frictional contacts. A nonsmooth extension of the classical generalized-alpha
method, a sophisticated algorithm for solving smooth structural dynamics problems, was presented in [17]. However, all mentioned
higher-order methods have in common that the unilateral constraints (including Newton-type impact laws) are formulated on
velocity level. Hence, penetration is not prohibited by these methods which is a serious problem in scenarios where the contact
geometry changes rapidly, see Example 10.3 of [18].

A remedy for the nonphysical penetration behavior is given by the simultaneous enforcement of unilateral constraints at position
nd velocity levels using a nonsmooth generalized-alpha method [19]. More generally, the authors applied a stabilization of the
onstraint drift in the sense of Gear–Gupta–Leimkuhler (GGL) [20], see also [21,22]. Based on these investigations, a variety of
erivatives of the original nonsmooth generalized-alpha method [17] were developed, e.g. [23,24]. Specifically, in [18,25,26],
hese methods have been extended to cope with frictional contact and a more general kinematic relation between generalized
ositions and velocities. On the one hand, these algorithms require the evaluation of the constraint accelerations of both unilateral
nd bilateral constraints or use a decoupled (simplified) solution of the underlying equations. The former one requires an elaborate
ctive-set strategy for the solution of the arising nonlinear system of equations. Moreover, cumbersome Jacobians of the constraints,
s well as the constraint velocities and accelerations are required. The latter one simplifies the underlying mechanics which results
n first-order convergence during persistent friction [25]. Hence, these methods are not DAE-consistent, i.e., for persistent frictional
ontact, which can be described by differential algebraic equations (DAE), these methods do not collapse to a higher-order DAE
lgorithm.

Structure preserving algorithms are investigated in different areas of research as astronomy, molecular dynamics, mechanics and
heoretical physics. It turned out that they produce improved qualitative results and allow for more accurate long-time integration
ompared to other general-purpose methods [27]. Hence, we are interested in the extension of such methods to the class of
onsmooth mechanical systems with frictional unilateral constraints. Based on the Störmer–Verlet method, the most simplest second-
rder accurate algorithm for the solution of mechanical systems subjected to holonomic bilateral constraints is called SHAKE [28].
nfortunately, the involved three-term recursion may lead to round-off errors. Hence, a reformulation as a single-step method is
dvisable. This is called the velocity-Verlet method [27]. It consists of two consecutive velocity updates and does not require to store
he positions of the penultimate step. Its direct application to the SHAKE algorithm is not possible, since the Lagrange multipliers
rom the current and future time step would be required. Obviously, the future value is not known during the current iteration
nless all time steps are solved monolithically. As a remedy, Andersen [29] in 1983 proposed to also satisfy the time derivatives
f the bilateral constraints by replacing the future Lagrange multiplier with an additional independent one. Hence, the numerical
olution satisfies the constraint conditions as well as their time derivatives and the found solution lies exactly on the constraint
anifold of the system. The resulting algorithm is called RATTLE [29].

As noted later [27], the velocity-Verlet method (also called leapfrog) can be applied to general partitioned differential equations
nd can be interpreted as a partitioned Runge–Kutta method with the following Butcher tableaus:

0 0 0
1 1∕2 1∕2

1∕2 1∕2

0 1∕2 0
1 1∕2 0

1∕2 1∕2

Moreover, the RATTLE algorithm corresponds to a two-stage partitioned Runge–Kutta method with Lobatto IIIa and Lobatto IIIb
coefficients [30]. As such, the RATTLE algorithm is symmetric, symplectic and convergent of order two, see Theorem 1.3 in [27].
Furthermore, an extension to bilaterally constrained mechanical systems on nonlinear configuration spaces with Lie group structure
has been proposed recently in [31].

A nonsmooth RATTLE scheme for multibody systems with frictional unilateral constraints has been proposed in [32]. The scheme
of [32] differs in two ways. Firstly, the non-impulsive forces not related to contact, e.g., spring forces, dashpot forces, gyroscopic
accelerations, are only present in the first stage and not distributed over both stages as in the classical RATTLE scheme [33].
Moreover, the mass matrix is only evaluated at the beginning of the time step for both stages. Thereby, the scheme cannot be
interpreted as partitioned Runge–Kutta method and possibly looses second-order convergence in smooth phases. Secondly, the
contact percussions appearing in the impact law [32, eq. (21e)] do not coincide with the velocity update given by the sum of
eq. (21b) and eq. (21d) in [32]. The latter may result in a violation of the intended impact law.

This paper presents an extension to the RATTLE algorithm for nonsmooth mechanical systems with frictional unilateral
constraints (i.e. frictional contact). In Section 2, the governing equations describing mechanical systems with nonsmooth frictional
unilateral constraints are introduced. The RATTLE algorithm for such systems is derived in Section 3. In the subsequent section,
implementation details are discussed. Finally, the algorithm is validated using a selection of representative benchmark examples in
Section 5. The conclusions can be found in the last section.

2. Mechanical systems with frictional unilateral constraints

Consider a finite-dimensional mechanical system whose state is described by the generalized positions 𝒒(𝑡) ∈ R𝑛𝑞 and by the
eneralized velocities 𝒖(𝑡) ∈ R𝑛𝑢 , which are both functions of time 𝑡 ∈ R. The relation between positions and velocities is a
onsequence of the kinematics of the system and is in general of the form

d𝒒 = �̇�(𝑡, 𝒒, 𝒖) d𝑡 , where �̇�(𝑡, 𝒒, 𝒖) = 𝑩(𝑡, 𝒒)𝒖 + 𝜷(𝑡, 𝒒) (1)

enotes the kinematic differential equation with 𝑩(𝑡, 𝒒) ∈ R𝑛𝑞×𝑛𝑢 , 𝜷(𝑡, 𝒒) ∈ R𝑛𝑞 and 𝑛 ≤ 𝑛 .
2

𝑢 𝑞
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In addition to the applied forces, the mechanical system is subjected to bilateral and frictional unilateral constraints. Its dynamics
s then described by the equality of measures [1–3,5]

𝑴(𝑡, 𝒒) d𝒖 = 𝒉(𝑡, 𝒒, 𝒖) d𝑡 +𝑾𝑔(𝑡, 𝒒)d𝑷 𝑔 +𝑾𝛾 (𝑡, 𝒒)d𝑷 𝛾 +𝑾𝑁 (𝑡, 𝒒)d𝑷𝑁 +𝑾𝐹 (𝑡, 𝒒)d𝑷 𝐹

= 𝒉(𝑡, 𝒒, 𝒖) d𝑡 +𝑾 (𝑡, 𝒒)d𝑷 ,
(2)

which links the change in velocity d𝒖 to the forces acting on the system. Therein, 𝑴(𝑡, 𝒒) ∈ R𝑛𝑢×𝑛𝑢 denotes the symmetric
mass matrix, possibly depending explicitly on time 𝑡 and on the generalized positions 𝒒. For □ ∈ {𝑔, 𝛾,𝑁, 𝐹 }, the generalized
force directions 𝑾□ ∈ R𝑛𝑢×𝑛□ and percussion measures d𝑷□ ∈ R𝑛□ are gathered in 𝑾 = (𝑾𝑔 𝑾𝛾 𝑾𝑁 𝑾𝐹 ) ∈ R𝑛𝑢×𝑛𝑃 and1

d𝑷 = (d𝑷 𝑔 , d𝑷 𝛾 , d𝑷𝑁 , d𝑷 𝐹 ) ∈ R𝑛𝑃 , respectively, where 𝑛𝑃 = 𝑛𝑔+𝑛𝛾+𝑛𝑁+𝑛𝐹 denotes the total number of constraints. All forces which
are neither constraint nor contact forces, such as spring forces, dashpot forces and gyroscopic terms, are assumed to be nonimpulsive
and are contained in 𝒉(𝑡, 𝒒, 𝒖) ∈ R𝑛𝑢 . Following [1], the percussion measures d𝑷□ combine the effects of nonimpulsive forces 𝝀□
and impulsive forces 𝜦□ in the sense that

d𝑷□ = 𝝀□ d𝑡 +𝜦□d𝜇 , (3)

where d𝜇 denotes the atomic measure that can be interpreted as the sum of Dirac point measures d𝛿𝑡𝑖 ,

d𝜇 =
∑

𝑖
d𝛿𝑡𝑖 , ∫[𝑡𝑎 ,𝑡𝑏]

d𝛿𝑡𝑖 =
{

1 𝑡𝑖 ∈ [𝑡𝑎, 𝑡𝑏] ,
0 𝑡𝑖 ∉ [𝑡𝑎, 𝑡𝑏] .

(4)

The generalized percussion measures 𝑾𝑔d𝑷 𝑔 and 𝑾𝛾d𝑷 𝛾 in (2) contain the perfect constraint forces of the bilateral position and
velocity level constraints

𝒈(𝑡, 𝒒) = 0 and 𝜸(𝑡, 𝒒, 𝒖) = 𝑾𝛾
T(𝑡, 𝒒) 𝒖 + 𝝌𝛾 (𝑡, 𝒒) = 0 , (5)

respectively. Using the kinematic differential equation (1), the time derivative of the bilateral constraints on position level is written
as

�̇�(𝑡, 𝒒, 𝒖) =
𝜕𝒈
𝜕𝒒

(𝑡, 𝒒) �̇� +
𝜕𝒈
𝜕𝑡

(𝑡, 𝒒)
(1)
=

𝜕𝒈
𝜕𝒒

(𝑡, 𝒒)
(

𝑩(𝑡, 𝒒)𝒖 + 𝜷(𝑡, 𝒒)
)

+
𝜕𝒈
𝜕𝑡

(𝑡, 𝒒)

= 𝑾𝑔
T(𝑡, 𝒒) 𝒖 + 𝝌𝑔(𝑡, 𝒒) .

(6)

ence, the generalized force directions for bilateral constraints on position and velocity level are given by

𝑾𝑔
T =

𝜕�̇�
𝜕𝒖

=
𝜕𝒈
𝜕𝒒

𝑩 and 𝑾𝛾
T =

𝜕𝜸
𝜕𝒖

. (7)

The not yet discussed generalized percussion measures of (2), i.e., 𝑾𝑁d𝑷𝑁 +𝑾𝐹 d𝑷 𝐹 , contain the force measures describing the
frictional unilateral constraints. Their corresponding force laws can be described by normal cone inclusions [2,3,34,35]. Consider
a pair of contact points on either contacting body, which we will simply refer to as contact 𝑘. Let 𝑔𝑘𝑁 (𝑡, 𝒒) be the real-valued gap
unction describing the signed distance between the tangent planes of the pairs of contact points. The impenetrability of contact 𝑘
s enforced by the perfect unilateral constraint 𝑔𝑘𝑁 ≥ 0. The contact is open if 𝑔𝑘𝑁 > 0, i.e., the contacting bodies are separated.
xcluding distance effects (e.g. magnetic or gravitational forces), the contact force 𝜆𝑘𝑁 = 0 is zero for an open contact. We speak of a
losed contact if 𝑔𝑘𝑁 = 0, i.e, the bodies are touching. The bodies are penetrating each other if 𝑔𝑘𝑁 < 0. For non-adhesive contacting
odies this implies a non-negative contact force 𝜆𝑘𝑁 ≥ 0. A graphical illustration of this contact law, known as Signorini’s law, is
epicted in Fig. 1(a). It can be equivalently stated as normal cone inclusion to the set R−

0 = {𝑥 ∈ R | 𝑥 ≤ 0} of non-positive real
numbers or as inequality complementarity condition

𝑔𝑘𝑁 (𝑡, 𝒒) ∈ R−
0
(−𝜆𝑘𝑁 ) ⟺ 𝑔𝑘𝑁 (𝑡, 𝒒) ≥ 0 , 𝜆𝑘𝑁 ≥ 0 , 𝑔𝑘𝑁 (𝑡, 𝒒) 𝜆𝑘𝑁 = 0 , (8)

where 𝐶 (𝒙) = {𝒚 ∈ R𝑓 |

|

|

𝒚T(𝒙∗ − 𝒙) ≤ 0, ∀𝒙∗ ∈ 𝐶} denotes the normal cone to the closed, convex and non-empty set 𝐶 ⊂ R𝑓

evaluated at 𝒙 ∈ 𝐶. Consequently, we can define the set of active (closed or penetrated) contacts as

𝐴(𝑡, 𝒒) =
{

𝑘 = 1,… , 𝑛𝑁
|

|

|

𝑔𝑘𝑁 (𝑡, 𝒒) ≤ 0
}

, (9)

together with its complement 𝐴𝑐 = {1,… , 𝑛𝑁}⧵𝐴, which is called the set of inactive (open) contacts. For the later implementation of
a numerical method, it is crucial to consider in (9) not only closed contacts but also the potential occurrence of penetrated contacts
arising from drift problems or solutions that have not yet reached convergence. By gathering the gap functions of all contacts into
a vector 𝒈𝑁 (𝑡, 𝒒) ∈ R𝑛𝑁 similar to (6) using (1), the gap velocity is defined as

�̇�𝑁 (𝑡, 𝒒, 𝒖) =
𝜕𝒈𝑁
𝜕𝒒

(𝑡, 𝒒) �̇� +
𝜕𝒈𝑁
𝜕𝑡

(𝑡, 𝒒)
(1)
=

𝜕𝒈𝑁
𝜕𝒒

(𝑡, 𝒒)
(

𝑩(𝑡, 𝒒)𝒖 + 𝜷(𝑡, 𝒒)
)

+
𝜕𝒈𝑁
𝜕𝑡

(𝑡, 𝒒)

= 𝑾𝑁
T(𝑡, 𝒒) 𝒖 + 𝝌𝑁 (𝑡, 𝒒) ,

(10)

here we have introduced the generalized force directions

𝑾𝑁
T =

𝜕�̇�𝑁
𝜕𝒖

=
𝜕𝒈𝑁
𝜕𝒒

𝑩 (11)

1 We use the following notation: For 𝒙 ∈ R𝑛×1 ≅ R𝑛 and 𝒚 ∈ R𝑚×1 ≅ R𝑚, (𝒙, 𝒚) ∶= (𝒙T 𝒚T)T ∈ R𝑛+𝑚×1 ≅ R𝑛+𝑚.
3
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Fig. 1. Two different force laws of normal cone type. (a) Signorini’s law 𝑔𝑁 ∈ R−
0
(−𝜆𝑁 ) and (b) spatial isotropic Coulomb friction 𝜸𝐹 ∈ 𝐵2 (𝜇𝜆𝑁 )(−𝝀𝐹 ). For

‖𝝀𝐹 ‖ ≤ 𝜇𝜆𝑁 this models stick and enforces the constraint 𝜸𝐹 = 𝟎. The case ‖𝜸𝐹 ‖ > 0, denoted as slip, results in the force law 𝝀𝐹 = −𝜇𝜆𝑁𝜸𝐹 ∕‖𝜸𝐹 ‖.

arising in (2). Following Section 10.4 of [4], Signorini’s law (8) can also be formulated on velocity level as
{

�̇�𝑘𝑁 (𝑡, 𝒒, 𝒖) ∈ R−
0
(−𝜆𝑘𝑁 ) if 𝑘 ∈ 𝐴 ,

𝜆𝑘𝑁 = 0 if 𝑘 ∉ 𝐴 .
(12)

The viability lemma of Moreau, Proposition 2.4 in [1], assets that (12) together with 𝑔𝑘𝑁 (𝑡0, 𝒒(𝑡0)) ≥ 0 implies the unilateral constraint
on position level

𝑔𝑘𝑁 (𝑡, 𝒒(𝑡)) ≥ 0 , ∀𝑡 ≥ 𝑡0 , (13)

which guaranties that the two contacting bodies do not penetrate each other for all future time.
Let 𝒖−(𝑡) = lim𝜏↑𝑡 𝒖(𝜏) and 𝒖+(𝑡) = lim𝜏↓𝑡 𝒖(𝜏) denote the left and right limits of the velocity, respectively. For active contacts,

i.e., 𝑘 ∈ 𝐴(𝑡, 𝒒), a generalized Newton-type impact law is equivalently stated as normal cone inclusion to the set R−
0 or as inequality

complementarity condition

𝜉𝑘𝑁 (𝑡, 𝒒, 𝒖−, 𝒖+) ∈ R−
0
(−𝛬𝑘

𝑁 ) ⟺ 𝜉𝑘𝑁 (𝑡, 𝒒, 𝒖−, 𝒖+) ≥ 0 , 𝛬𝑘
𝑁 ≥ 0 , 𝜉𝑘𝑁 (𝑡, 𝒒, 𝒖−, 𝒖+)𝛬𝑘

𝑁 = 0 . (14)

For a given restitution coefficient 0 ≤ 𝑒𝑘𝑁 ≤ 1 of the 𝑘th normal contact and for a strictly positive impulsive force 𝛬𝑘
𝑁 > 0, this

imposes the classical Newtonian impact law

𝜉𝑘𝑁 (𝑡, 𝒒, 𝒖−, 𝒖+) = �̇�𝑘𝑁 (𝑡, 𝒒, 𝒖+) + 𝑒𝑘𝑁 �̇�𝑘𝑁 (𝑡, 𝒒, 𝒖−) = 0 (15)

and encompasses superfluous contact for which 𝛬𝑘
𝑁 = 0 and 𝜉𝑘𝑁 ≥ 0, as detailed in Ref. [35].

Let the tangential velocity 𝜸𝑘𝐹 (𝑡, 𝒒, 𝒖) ∈ R2 describe the relative velocity of the pair of contact points in the tangent plane. For a
contact 𝑘, set-valued friction can be described by the normal cone inclusion

𝜸𝑘𝐹 (𝑡, 𝒒, 𝒖) ∈ 𝐶𝑘
𝐹 (𝜆

𝑘
𝑁 )(−𝝀

𝑘
𝐹 ) , (16)

where 𝐶𝑘
𝐹 (𝜆

𝑘
𝑁 ) denotes the set of admissible (negative) friction forces. For isotropic Coulomb friction with friction coefficient 𝜇𝑘 > 0,

this set is given by

𝐶𝑘
𝐹 (𝜆

𝑘
𝑁 ) = 𝐵2(𝜇𝑘𝜆𝑘𝑁 ) with 𝐵𝑓 (𝑟) = {𝒙 ∈ R𝑓

| max(0, 𝑟) ≥ ‖𝒙‖} . (17)

A graphical visualization of spatial isotropic Coulomb friction is given in Fig. 1(b). The use of ball-like force reservoirs (17) with
𝑓 = 3 and augmenting 𝜸𝐹 and 𝝀𝐹 in (16) by a relative angular velocity and a frictional torque, respectively, enables the formulation
of an approximated Coulomb–Contensou friction, see [36]. This approach will be applied for the tippedisk example in Section 5.
Similar to the normal direction (15), we introduce the kinematic quantity

𝝃𝑘𝐹 (𝑡, 𝒒, 𝒖
−, 𝒖+) = 𝜸𝑘𝐹 (𝑡, 𝒒, 𝒖

+) + 𝑒𝑘𝐹 𝜸𝑘𝐹 (𝑡, 𝒒, 𝒖
−) (18)

with a tangential restitution coefficient 0 ≤ 𝑒𝑘𝐹 ≤ 1. This allows to combine the friction law (16) with a Newton-type impact law in
tangential direction by the normal cone inclusion

𝝃𝑘 (𝑡, 𝒒, 𝒖−, 𝒖+) ∈  (−𝜦𝑘 ) . (19)
4

𝐹 𝐶𝑘
𝐹 (𝛬

𝑘
𝑁 ) 𝐹
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For more details about the introduced contact model and impact laws we refer to [4,34,35,37].

3. Time discretization of the dynamics

Following Moreau [1], we will assume the generalized positions 𝒒(𝑡) to be absolutely continuous, whereas the generalized
elocities 𝒖(𝑡) and percussions 𝑷 (𝑡) are assumed to be of special locally bounded variation. For a constant time step 𝛥𝑡, we introduce
he notation 𝑡𝑛+𝛼 = 𝑡𝑛 + 𝛼𝛥𝑡 with 0 ≤ 𝛼 ≤ 1 as well as the time interval 𝐼𝑛 = (𝑡𝑛, 𝑡𝑛+1]. Considering the velocity 𝒖(𝑡) = lim𝜏↓𝑡 𝒖(𝜏) as a
ight-continuous function, the dynamics of the system (2) determines the velocity at a time 𝑡𝑛+1 as

𝒖(𝑡𝑛+1) = 𝒖(𝑡𝑛) + ∫𝐼𝑛
d𝒖

(2)
= 𝒖(𝑡𝑛) + ∫𝐼𝑛

𝑴−1(𝒉 d𝑡 +𝑾 d𝑷
)

. (20)

lso, the percussion 𝑷 (𝑡) = lim𝜏↓𝑡 𝑷 (𝜏) is considered as a right-continuous function. Its value at a time 𝑡𝑛+1 can be written as the
ntegrated percussion measure d𝑷 in accordance with

𝑷 (𝑡𝑛+1) = 𝑷 (𝑡𝑛) + ∫𝐼𝑛
d𝑷 . (21)

sing the kinematic differential equation (1), the position 𝒒 of the system at 𝑡𝑛+1 is

𝒒(𝑡𝑛+1) = 𝒒(𝑡𝑛) + ∫𝐼𝑛
d𝒒 = 𝒒(𝑡𝑛) + ∫𝐼𝑛

�̇�(𝑡, 𝒒, 𝒖) d𝑡 . (22)

Let 𝒒𝑛, 𝒖𝑛 and 𝑷 𝑛 denote the approximants for the position, velocity and percussion at some time instant 𝑡𝑛, respectively. The
ntegration of (20) is split into two half-steps in agreement with 𝐼𝑛 = 𝐼1st𝑛 ∪ 𝐼2nd𝑛 = (𝑡𝑛, 𝑡𝑛+1∕2] ∪ (𝑡𝑛+1∕2, 𝑡𝑛+1]. Introducing an implicit
idpoint velocity 𝒖𝑛+1∕2, we propose the approximation

∫𝐼1st𝑛

𝑴−1(𝒉 d𝑡 +𝑾 d𝑷
)

≈ 𝑴−1
𝑛

(𝛥𝑡
2
𝒉(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) +𝑾𝑛

(

𝑷 𝑛+1∕2 − 𝑷 𝑛
)

)

(23a)

∫𝐼2nd𝑛

𝑴−1(𝒉 d𝑡 +𝑾 d𝑷
)

≈ 𝑴−1
𝑛+1

(𝛥𝑡
2
𝒉(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) +𝑾𝑛+1

(

𝑷 𝑛+1 − 𝑷 𝑛+1∕2
)

)

, (23b)

for the integration of (20). For the sake of compactness we write 𝑴𝑛 = 𝑴(𝑡𝑛, 𝒒𝑛), a notational abbreviation that is analogously
applied for the other functions. To further lighten the notation in (23a) and (23b), we use

𝛥𝑷 1st
𝑛+1 = 𝑷 𝑛+1∕2 − 𝑷 𝑛 , 𝛥𝑷 2nd

𝑛+1 = 𝑷 𝑛+1 − 𝑷 𝑛+1∕2 and 𝛥𝑷 𝑛+1 = 𝑷 𝑛+1 − 𝑷 𝑛 (24)

for the percussion increments of each half-step and the respective increments over the whole interval 𝐼𝑛. Substituting (23a) and
(23b) into (20) results in the two velocity updates

𝒖𝑛+1∕2 = 𝒖𝑛 +𝑴−1
𝑛

(𝛥𝑡
2
𝒉(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) +𝑾𝑛𝛥𝑷 1st

𝑛+1

)

(25a)

𝒖𝑛+1 = 𝒖𝑛+1∕2 +𝑴−1
𝑛+1

(𝛥𝑡
2
𝒉(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) +𝑾𝑛+1𝛥𝑷 2nd

𝑛+1

)

. (25b)

nserting (25a) into (25b)

𝒖𝑛+1 = 𝒖𝑛 +𝑴−1
𝑛

(𝛥𝑡
2
𝒉(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) +𝑾𝑛𝛥𝑷 1st

𝑛+1

)

+ 𝑴−1
𝑛+1

(𝛥𝑡
2
𝒉(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) +𝑾𝑛+1𝛥𝑷 2nd

𝑛+1

)
(26)

eveals that the velocity update 𝒖𝑛 ↦ 𝒖𝑛+1 is given by a combination of trapezoidal rule of the positions 𝒒𝑛, 𝒒𝑛+1 and an implicit
idpoint rule involving the midpoint velocity 𝒖𝑛+1∕2 for the approximation of (20).

For the position update, the integral in (22) is also approximated using a combination of trapezoidal rule of positions 𝒒𝑛, 𝒒𝑛+1
nd an implicit midpoint rule of the velocity 𝒖𝑛+1∕2. Specifically,

𝒒𝑛+1 = 𝒒𝑛 +
𝛥𝑡
2

(

�̇�(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) + �̇�(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2)
)

. (27)

With this approximation, it is evident from (25) that 𝒒𝑛+1 is only influenced by the midpoint velocity 𝒖𝑛+1∕2 and hence by the
increments in percussions 𝛥𝑷 1st

𝑛+1 = 𝑷 𝑛+1∕2 − 𝑷 𝑛 of the first half-step. The increments 𝛥𝑷 2nd
𝑛+1 = 𝑷 𝑛+1 − 𝑷 𝑛+1∕2 of the second half-step

only affects the velocity update for 𝒖𝑛+1. This ‘‘splitting’’, which is typical for RATTLE, allows to independently satisfy constraint
conditions on two different kinematic levels. Specifically, the classical RATTLE algorithm enforces perfect bilateral constraints on
position level and their underlying (or hidden) constraints on velocity level. The nonsmooth RATTLE algorithm, proposed here and
essentially given by (26) and (27), is to be complemented by force laws for the percussion increments (24) which serve as Lagrange
multipliers. We subsequently introduce how the discrete force laws from Section 2 are formulated on both kinematic levels.

As just mentioned, the Lagrange multipliers 𝛥𝑷 1st
𝑔,𝑛+1, 𝛥𝑷

2nd
𝑔,𝑛+1 ∈ R𝑛𝑔 enforce the perfect bilateral constraints on position and

velocity level at the end of the time step, i.e.,

𝒈(𝑡 , 𝒒 ) = 0 , (28a)
5
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�̇�(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1) = 0 , (28b)

ee Section 7.1.4 of Ref. [27]. Similarly, with 𝛥𝑷 1st
𝛾,𝑛+1, 𝛥𝑷

2nd
𝛾,𝑛+1 ∈ R𝑛𝛾 we impose the bilateral constraints on velocity level for the

idpoint velocity 𝒖𝑛+1∕2 and the final velocity 𝒖𝑛+1, i.e.,

𝜸(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) = 0 , (29a)

𝜸(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1) = 0 . (29b)

In what follows, we assume that if the contact 𝑘 is active at the end of the time step, i.e., 𝑘 ∈ 𝐴𝑛+1 = 𝐴(𝑡𝑛+1, 𝒒𝑛+1), then it has
een active during the whole time step 𝐼𝑛 = (𝑡𝑛, 𝑡𝑛+1]. Furthermore, we assume 𝜉𝑘𝑁 to be constant on 𝐼𝑛 and to correspond to

𝜉𝑘𝑁,𝑛+1 = �̇�𝑘𝑁 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1) + 𝑒𝑘𝑁 �̇�𝑘𝑁 (𝑡𝑛, 𝒒𝑛, 𝒖𝑛) , (30)

hich is regarded as a discrete approximation of (15) over one time step. The velocity of the system is continuous between velocity
umps, implying �̇�𝑘+𝑁 = �̇�𝑘−𝑁 = �̇�𝑘𝑁 for almost all 𝑡. Hence, in such cases it holds that

(1 + 𝑒𝑘𝑁 )�̇�𝑘𝑁 = �̇�𝑘+𝑁 + 𝑒𝑘𝑁 �̇�𝑘−𝑁 = 𝜉𝑘𝑁 (31)

nd we can write Signorini’s law on velocity level (12) using 𝜉𝑘𝑁 instead of �̇�𝑘𝑁 . Using all these preliminary assumptions together
ith Proposition 2 of [18] we are allowed to combine Signorini’s law on velocity level (12) and the Newton-type impact law in
ormal direction (14) as

{

𝜉𝑘𝑁,𝑛+1 ∈ R−
0
(− ∫𝐼𝑛 d𝑃

𝑘
𝑁 ) = R−

0
(𝛥𝑃 𝑘

𝑁,𝑛+1) if 𝑘 ∈ 𝐴 ,

0 = ∫𝐼𝑛 d𝑃
𝑘
𝑁 = 𝛥𝑃 𝑘

𝑁,𝑛+1 if 𝑘 ∉ 𝐴 .
(32)

discussion of how this is done in detail as well as an interpretation of the integrated contact law can be found in Section 6 of
ef. [18]. Since the position 𝒒𝑛+1 is only affected by the mid-point velocity 𝒖𝑛+1∕2 of the first half-step (25a), we use 𝛥𝑷 1st

𝑁,𝑛+1 =
𝑁,𝑛+1∕2 − 𝑷𝑁,𝑛 to satisfy an integrated formulation of Signorini’s law on position level over the first half-step, i.e.,

𝑔𝑘𝑁 (𝑡𝑛+1, 𝒒𝑛+1) ∈ R−
0
(− ∫𝐼1st𝑛

d𝑃 𝑘
𝑁 ) = R−

0
(𝛥𝑃 1st,𝑘

𝑁,𝑛+1) . (33)

o summarize, the normal direction of the temporally discretized contact and impact laws (8) and (14) are given by (32) and (33).
ence, the numerical method imposes Signorini’s law on position level and the Newton-type impact law in an integral sense over

he whole time step 𝐼𝑛, where 𝒖𝑛 and 𝒖𝑛+1 are regarded as the pre- and post-impact velocities, respectively.
For the discretization of the set-valued friction law a similar path is taken. Using the same assumptions as above, we can combine

he friction law (16) and the Newton-type impact law in tangential direction (19) as

𝝃𝑘𝐹 ,𝑛+1 ∈ 𝐶𝑘
𝐹 (∫𝐼𝑛 d𝑃 𝑘

𝑁 )(− ∫𝐼𝑛 d𝑷
𝑘
𝐹 ) = 𝐶𝑘

𝐹 (𝛥𝑃
𝑘
𝑁,𝑛+1)

(

−𝛥𝑷 𝑘
𝐹 ,𝑛+1

)

, (34)

where we have approximated (18) as

𝝃𝑘𝐹 ,𝑛+1 = 𝜸𝐹 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1) + 𝑒𝑘𝐹 𝜸𝑘𝐹 (𝑡𝑛, 𝒒𝑛, 𝒖𝑛) . (35)

oreover, the mid-point velocity 𝒖𝑛+1∕2 is forced to satisfy the integrated friction law over the first half-step

𝜸𝑘𝐹 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) ∈ 𝐶𝑘
𝐹 (∫𝐼1st𝑛

d𝑃 𝑘
𝑁 )(− ∫𝐼1st𝑛

d𝑷 𝑘
𝐹 ) = 𝐶𝑘

𝐹 (𝛥𝑃
1st,𝑘
𝑁,𝑛+1)

(

−𝛥𝑷 1st,𝑘
𝐹 ,𝑛+1

)

. (36)

Consequently, the discrete friction laws are given by (34) and (36). They satisfy a set-valued friction law at the mid-point velocity
𝒖𝑛+1∕2 and a combination of set-valued friction law and a Newton-type impact law in an integral sense, where 𝒖𝑛 and 𝒖𝑛+1 are
regarded as the pre- and post-impact velocities, respectively.

4. Implementation of the numerical algorithm

The computation of one time step (𝑡𝑛, 𝒒𝑛, 𝒖𝑛,𝑷 𝑛) ↦ (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1,𝑷 𝑛+1) of the proposed nonsmooth RATTLE algorithm can be
split into two decoupled stages. Both stages can be brought into residual form and are then solved using a semismooth Newton
method [18,38,39].

In order to reformulate the normal cone inclusions appearing in the discrete contact laws (32), (33), (34) and (36), we use the
following equivalent relations. For two vectors 𝒙, 𝒚 ∈ R𝑓 and a closed, convex and non-empty set 𝐶 ⊂ R𝑓 , it holds that

𝒚 ∈ 𝐶 (−𝒙) ⟺ 𝟎 = 𝒙 + prox𝐶 (𝑟𝒚 − 𝒙) ∀𝑟 > 0 , (37)

where

prox𝐶 ∶R𝑓 → R𝑓 , 𝒂 ↦ prox𝐶 (𝒂) = argmin
𝒂∗∈𝐶

( 1
2‖𝒂 − 𝒂∗‖2

)

(38)

is the proximal point function to 𝐶, see [5,18]. For the sets 𝐶 = R−
0 and 𝐶 = 𝐵𝑓 (𝑟), the proximal point functions are given by

proxR−
0
(𝑥) = min{𝑥, 0} and prox𝐵𝑓 (𝑟)(𝒙) =

{

𝒙 if 𝒙 ∈ 𝐵𝑓 (𝑟) ,
𝑟 𝒙 if 𝒙 ∉ 𝐵 (𝑟) . (39)
6
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T

Hence, we can replace the normal cone inclusions (32), (33), (34) and (36) by the implicit functions (39).
For the first stage (𝑡𝑛, 𝒒𝑛, 𝒖𝑛,𝑷 𝑛) ↦ (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2,𝑷 𝑛+1∕2) the residual form 𝜱1(𝒙1) = 𝟎 is given in terms of the vector of

unknowns

𝒙1 = (𝒒𝑛+1, 𝒖𝑛+1∕2, 𝛥𝑷 1st
𝑔,𝑛+1, 𝛥𝑷

1st
𝛾,𝑛+1, 𝛥𝑷

1st
𝑁,𝑛+1, 𝛥𝑷

1st
𝐹 ,𝑛+1) . (40)

he residual gathers (25a), (27), (28a), (29a) and the implicit functions corresponding to (33) and (36) as

𝜱1(𝒙1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝒒𝑛+1 − 𝒒𝑛 −
𝛥𝑡
2

(

�̇�(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) + �̇�(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2)
)

𝑴𝑛(𝒖𝑛+1∕2 − 𝒖𝑛) −
( 𝛥𝑡

2 𝒉(𝑡𝑛, 𝒒𝑛, 𝒖𝑛+1∕2) +𝑾𝑛𝛥𝑷 1st
𝑛+1

)

𝒈(𝑡𝑛+1, 𝒒𝑛+1)
𝜸(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2)

𝛥𝑃 1st,𝑘
𝑁,𝑛+1 + proxR−

0

(

𝑟𝑘𝑔𝑘𝑁 (𝑡𝑛+1, 𝒒𝑛+1) − 𝛥𝑃 1st,𝑘
𝑁,𝑛+1

)

𝛥𝑷 1st,𝑘
𝐹 ,𝑛+1 + prox𝐶𝑘

𝐹 (𝛥𝑃
1st,𝑘
𝑁,𝑛+1)

(

𝑟𝑘𝜸𝑘𝐹 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) − 𝛥𝑷 1st,𝑘
𝐹 ,𝑛+1

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (41)

where the last two lines indicate the unilateral constraint conditions for all contacts 𝑘 = 1, 2,… , 𝑛𝑁 . In agreement with (24), we
obtain 𝑷 𝑛+1∕2 = 𝑷 𝑛 + 𝛥𝑷 1st

𝑛+1. Introducing another vector of unknowns

𝒙2 = (𝒖𝑛+1, 𝛥𝑷 2nd
𝑔,𝑛+1, 𝛥𝑷

2nd
𝛾,𝑛+1, 𝛥𝑷

2nd
𝑁,𝑛+1, 𝛥𝑷

2nd
𝐹 ,𝑛+1) , (42)

the second stage (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2,𝑷 𝑛+1∕2) ↦ (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1,𝑷 𝑛+1) can be brought into residual form 𝜱2(𝒙2) = 𝟎. It gath-
ers (25b), (28b), (29b) and the implicit functions corresponding to (32) and (34) as

𝜱2(𝒙2) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑴𝑛+1(𝒖𝑛+1 − 𝒖𝑛+1∕2) −
( 𝛥𝑡

2 𝒉(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1∕2) +𝑾𝑛+1𝛥𝑷 2nd
𝑛+1

)

�̇�(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1)
𝜸(𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1)

{

𝛥𝑃 𝑘
𝑁,𝑛+1 + proxR−

0

(

𝑟𝑘𝜉𝑘𝑁,𝑛+1 − 𝛥𝑃 𝑘
𝑁,𝑛+1

)

if 𝑘 ∈ 𝐴𝑛+1

𝛥𝑃 𝑘
𝑁,𝑛+1 if 𝑘 ∉ 𝐴𝑛+1
𝛥𝑷 𝑘

𝐹 ,𝑛+1 + prox𝐶𝑘
𝐹 (𝛥𝑃

𝑘
𝑁,𝑛+1)

(

𝑟𝑘𝝃𝑘𝐹 ,𝑛+1 − 𝛥𝑷 𝑘
𝐹 ,𝑛+1

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (43)

where again the last two lines indicate the unilateral constraint conditions for all contacts 𝑘 = 1, 2,… , 𝑛𝑁 . In agreement with (24),
𝑷 𝑛+1 = 𝑷 𝑛 + 𝛥𝑷 𝑛+1 with 𝛥𝑷 𝑛+1 = 𝛥𝑷 1st

𝑛+1 + 𝛥𝑷 2nd
𝑛+1. Since 𝒒𝑛+1 is already determined in the first stage, the set of active contacts

𝐴𝑛+1 = 𝐴(𝑡𝑛+1, 𝒒𝑛+1) does not change during the second stage. For inelastic contacts with 𝑒𝑁 = 𝑒𝐹 = 0, we can replace 𝜉𝑁,𝑛+1 and
𝝃𝐹 ,𝑛+1 in (43) by 𝛾𝑁 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1) and 𝜸𝐹 (𝑡𝑛+1, 𝒒𝑛+1, 𝒖𝑛+1), respectively.

Eqs. (41) and (43) can be solved using a semismooth (nonsmooth) Newton method [18,38,39], where any regular element of the
generalized Jacobian can be used. In order to control the chosen element of the generalized Jacobian and remove the dependency
of the residual (generalized Jacobian) on the chosen proximal point parameters, an active-set formulation is beneficial [17–19].
Hence, the proximal point parameters are only present in the activation conditions of the residual and do not affect the accuracy
of the computed residual (generalized Jacobian). An in-depth discussion on solving contact problems with Coulomb friction is given
in [39]. Details of the active-set strategy and its relation to semi-smooth Newton methods are elaborated in [40].

In order to deal with scenarios where the generalized force directions become linearly dependent (redundant contacts), a popular
strategy for solving (41) and (43) is given by fixed-point iterations [18,38,41,42]. Besides difficulties of choosing appropriate
proximal point parameters that lead to a convergent fixed-point iteration, dealing with nonlinear equations as (41) results in a
time consuming iterative method, since within each fixed-point iteration a nonlinear system of equations has to be solved.

5. Numerical validation

In this section, we present four different numerical examples to showcase the versatility and robustness of the proposed algorithm
in handling various scenarios. The rotating bouncing ball example demonstrates the essentials of a numerical method applied on
nonsmooth dynamical systems including impacts and friction. Subsequently, the ability of the proposed method to handle impulsive
changes of bilateral constraint forces as well as a variety of high frequency contact patterns is investigated with a slider-crank
mechanism. The third example demonstrates the convergence properties of the proposed method. For persistent frictional contact,
second-order accuracy is obtained for the generalized positions and velocities. Finally, the tippedisk example shows that the method
can handle nontrivial kinematic relations as well as a spatial friction law. For all examples, the maximum and average required
Newton increments of both stages are reported in Table 1.

5.1. Rotating bouncing ball

Following [18,43], we investigate the motion of a homogeneous sphere of 𝑅 = 0.1 and mass 𝑚 = 1 subjected to gravitational
forces with gravitational acceleration 𝑔 = 9.81 falling on a horizontal plane, see Fig. 2. The sphere is constrained to move in the
𝒆𝐼𝑥-𝒆𝐼𝑦 -plane. Hence, it can be described by the generalized positions 𝒒 = (𝑥, 𝑦, 𝜑). The vector 𝐼𝒓𝑂𝑆 = (𝑥, 𝑦, 0) addresses the center
of mass 𝑆 with respect to the inertial basis 𝐼 . Moreover, its orientation is described by the angle 𝜑. The generalized velocities
7
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Table 1
Maximum (max.) and average (avg.) required Newton iterations for all presented examples.

Example Stage 1 (max.) Stage 1 (avg.) Stage 2 (max.) Stage 2 (avg.)

Bouncing ball (case 1) 2 1.0066 1 0.9466
Bouncing ball (case 2) 3 1.0270 2 0.9466
Bouncing ball (case 3) 3 1.0270 2 0.6756
Slider-crank 5 2.2290 3 1.0081
Mass on slope (case 1) 2 1.2774 2 0.6463
Mass on slope (case 2) 2 1.1737 2 0.5945
Mass on slope (case 3) 4 1.3628 2 0.6859
Mass on slope (case 4) 5 1.2469 2 0.6737
Tippedisk 3 2.4103 2 2.0000

Fig. 2. Sketch of the bouncing ball system (left) and simulated time evolution of the contact distance for Case 1 (right).

𝒖 = (𝑢𝑥, 𝑢𝑦, 𝑢𝜑) are chosen to correspond to �̇� whenever the time derivative of the generalized positions exists. Consequently, the
ingredients for the equality of measures (2) are given in terms of

𝑴 = diag(𝑚, 𝑚, 2 𝑚𝑅2∕5) and 𝒉 = (0, −𝑚𝑔, 0) . (44)

For the description of planar Coulomb friction in line with (17), we chose 𝜇 = 0.2 and 𝑒𝐹 = 0. A number of different cases will be
considered for the restitution coefficient in normal direction, 𝑒𝑁 .

From this problem, three different scenarios were considered to validate the presented method. They share the same initial
configuration given by 𝑡0 = 0, 𝒒(𝑡0) = (0, 1, 0) and 𝒖(𝑡0) = (0, 0, 𝜔), such that the ball has an initial rotational velocity 𝜔. The
simulations were performed using a constant step-size 𝛥𝑡 = 10−2 together with the proximal point parameters 𝑟𝑁 = 𝑟𝐹 = 0.1. Using
a semismooth Newton method, the nonlinear equations (41) and (43) where solved up to an absolute error of 10−8.

Case 1:. Starting from rest (𝜔 = 0) and assuming elastic impacts with 𝑒𝑁 = 0.5, the typical bouncing ball motion exhibiting the Zeno
phenomenon is obtained. The simulation result shown in Fig. 2 confirms that the presented method can overcome accumulation
points. Even for the moderate time step no penetration is obtained, since this is enforced by the method.

The subsequent two cases are used to test the behavior of the proposed algorithm with respect to friction forces. For both cases,
we set 𝑒𝑁 = 0 implying that once the contact closes it remains closed, i.e., the post impact velocity in normal direction vanishes,
which allows us to validate friction. At the closing time instant a frictional impact occurs. Depending on the value of 𝜔, two cases
arise.

Case 2:. For a high initial rotational velocity (𝜔 = 50) sliding occurs after the impact. After undergoing a period of sliding contact,
the ball slows down enough to enter into a slip-stick transition. At this point, the ball begins to move in a pure rolling motion. Since
the rolling motion is characterized by constant velocities, no net forces are generated. Consequently, at the slip-stick transition, the
non-impulsive friction force instantly drops to zero. Fig. 3 illustrates that the presented method perfectly replicates the described
behavior.

Case 3:. In the third scenario, we selected a rotation velocity of 𝜔 = 10, which was small enough to cause the ball to stick upon
impact, exhibiting a pure rolling motion. Again, this behavior is described by zero tangential contact forces. As illustrated in Fig. 3,
the numerical solution perfectly aligns with the results of [18].
8
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Fig. 3. Simulated normal and friction contact percussion increments for Case 2 (𝜔 = 50) and Case 3 (𝜔 = 10).

Table 2
Geometry and inertia properties of the slider-crank mechanism.
𝑙1 𝑙2 𝑎 = 2𝑏 𝑑 𝑚1 = 𝑚2 𝑚3 𝜃𝑆1

𝜃𝑆2
𝜃𝑆3

𝑔

0.153 0.306 0.05 0.052 0.038 0.076 7.4 ⋅ 10−5 5.9 ⋅ 10−4 2.7 ⋅ 10−6 9.81

5.2. Slider-crank mechanism

Inspired by the investigations of [44], this example examines a slider-crank mechanism subjected to both unilateral and bilateral
constraints, see Fig. 4. Hence, this example demonstrates the ability of the proposed method to handle impulsive changes of
bilateral constraint forces as well as a variety of high frequency contact patterns. The mechanism is described by three independent
rigid bodies with masses 𝑚1, 𝑚2, 𝑚3 and inertia 𝜃𝑆1

, 𝜃𝑆2
, 𝜃𝑆3

with respect to their centers of mass 𝑆1, 𝑆2, 𝑆3. Each body is
subjected to gravitational forces. In accordance with the notation from the previous example, we use the generalized positions
𝒒 = (𝑥1, 𝑦1, 𝜑1, 𝑥2, 𝑦2, 𝜑2, 𝑥3, 𝑦3, 𝜑3) and generalized velocities �̇� = 𝒖 = (𝑢𝑥1 , 𝑢𝑦1 , 𝑢𝜑1

, 𝑢𝑥2 , 𝑢𝑦2 , 𝑢𝜑2
, 𝑢𝑥3 , 𝑢𝑦3 , 𝑢𝜑3

). The vectors
𝐼𝒓𝑂𝑆𝑖

= (𝑥𝑖, 𝑦𝑖, 0), 𝑖 = 1, 2, 3, address the center of masses 𝑆𝑖 with respect to the inertial basis 𝐼 and 𝜑𝑖, 𝑖 = 1, 2, 3, describe the bodies
orientations with respect to the 𝒆𝐼𝑥-axis. Consequently, the ingredients for the equality of measures (2) are given in terms of

𝑴 = diag(𝑚1, 𝑚1, 𝜃𝑆1
, 𝑚2, 𝑚2, 𝜃𝑆2

, 𝑚3, 𝑚3, 𝜃𝑆3
) (45)

and

𝒉 = (0, −𝑚1 𝑔, 0, 0, −𝑚2 𝑔, 0, 0, −𝑚3 𝑔, 0) . (46)

The rigid bodies are connected by the bilateral constraints

𝒈1 =
⎛

⎜

⎜

⎝

𝑥1 −
𝑙1
2 cos𝜑1

𝑦1 −
𝑙1
2 sin𝜑1

⎞

⎟

⎟

⎠

, 𝒈2 =
⎛

⎜

⎜

⎝

𝑥1 +
𝑙1
2 cos𝜑1

𝑦1 +
𝑙1
2 sin𝜑1

⎞

⎟

⎟

⎠

−
⎛

⎜

⎜

⎝

𝑥2 −
𝑙2
2 cos𝜑2

𝑦2 −
𝑙2
2 sin𝜑2

⎞

⎟

⎟

⎠

, 𝒈3 =
⎛

⎜

⎜

⎝

𝑥2 +
𝑙2
2 cos𝜑2

𝑦2 +
𝑙2
2 sin𝜑2

⎞

⎟

⎟

⎠

−
⎛

⎜

⎜

⎝

𝑥3

𝑦3

⎞

⎟

⎟

⎠

. (47)

Each vertex of the slider is subjected to frictional contacts, described by the normal contact distances

𝑔𝑁1
= 𝑑

2
− (𝑦3 − 𝑎 sin𝜑3 + 𝑏 cos𝜑3) , 𝑔𝑁2

= 𝑑
2
− (𝑦3 + 𝑎 sin𝜑3 + 𝑏 cos𝜑3)

𝑔𝑁3
= 𝑑

2
+ (𝑦3 − 𝑎 sin𝜑3 − 𝑏 cos𝜑3) , 𝑔𝑁4

= 𝑑
2
+ (𝑦3 + 𝑎 sin𝜑3 − 𝑏 cos𝜑3)

(48)

and the relative tangential contact velocities

𝛾𝐹1 = 𝑢𝑥3 + 𝑢𝜑3
(𝑎 sin𝜑3 − 𝑏 cos𝜑3) , 𝛾𝐹2 = 𝑢𝑥3 − 𝑢𝜑3

(𝑎 sin𝜑3 + 𝑏 cos𝜑3)

𝛾𝐹3 = 𝑢𝑥3 + 𝑢𝜑3
(𝑎 sin𝜑3 + 𝑏 cos𝜑3) , 𝛾𝐹4 = 𝑢𝑥3 − 𝑢𝜑3

(𝑎 sin𝜑3 − 𝑏 cos𝜑3)
(49)

with 𝑒𝑁 = 0.4, 𝑒𝐹 = 0 and 𝜇 = 0.01. Constraint derivatives and generalized force directions for both unilateral and bilateral
constraints are obtained by differentiation of (47) to (49) with respect to time 𝑡 and generalized velocities 𝒖, respectively.

The geometry and inertia properties of the mechanism are listed in Table 2. The initial conditions were chosen as 𝑡0 = 0,
𝒒0 = 𝒒(𝑡0) = (0.0765, 0, 0, 0.306, 0, 0, 0.459, 0, 0.017) and 𝒖0 = 𝒖(𝑡0) = (0, 11.475, 150, 0, 11.475, −75, 0, 0, 0). In order to get
high-resolution results, the simulation was performed using a constant step-size 𝛥𝑡 = 10−4, although a ten times larger value could
solve the problem without any convergence issues. We used the proximal point parameters 𝑟𝑁 = 𝑟𝐹 = 0.1 and solved the nonlinear
equations (41) and (43) using a semismooth Newton method up to an absolute error of 10−8.

Exemplary simulation results are depicted in Fig. 5. Since the simulation started with a small perturbation of the sliders
orientation (𝜑 ≈ 1◦), it is apparent from Fig. 5(d), that the slider’s orientation is stabilized after a small time lapse (𝑡 ≈ 0.01).
9
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Fig. 4. Sketch of the slider-crank mechanism.

Fig. 5. Exemplary results of the slider-crank mechanism.

Afterwards, 𝜑3 = 𝑢𝜑3
≈ 0 and the sliders center of mass moves according to Fig. 5(f) without any rotation. The time evolution of

the velocities 𝑢𝜑1
and 𝑢𝜑2

is shown in Fig. 5(c). Neglecting dissipation, they show a periodic solution. An exemplary phase portrait
of (𝜑2, 𝑢𝜑2

) is given in Fig. 5(e). Moreover, Fig. 5(a) and (b) show the evolution of two exemplary contact distances and their time
derivatives. As enforced by the method, no penetration is present and whenever a contact is closed, the corresponding contact
velocity satisfies a generalized impact Newton’s law.
10
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Fig. 6. Sketch of the point mass falling and sliding on a slope.

5.3. Point mass on slope

In order to investigate the order of convergence of the proposed method we consider a point mass (mass 𝑚 = 𝜋, gravity constant
𝑔 = 10) falling and sliding on a slope described by an exponential function, see Fig. 6. Let the Cartesian position coordinates of the
mass be 𝒒 = (𝑥, 𝑦) and the generalized velocities 𝒖 = �̇� = (𝑢𝑥, 𝑢𝑦). Consequently,

𝑴 = diag(𝑚, 𝑚) and 𝒉 = (0, −𝑚𝑔) . (50)

The curve 𝒇 ∶R → R2, defining the slope, and its first derivative are given by

𝒇 (𝑥) =
(

𝑥, exp(−𝑥)
)

, 𝒇 ′(𝑥) =
(

1, −exp(−𝑥)
)

, (51)

see Fig. 6. Hence, we can compute the tangent and normal of a possible contact as

𝒕(𝑥) =
𝒇 ′(𝑥)

‖𝒇 ′(𝑥)‖
, 𝒏(𝑥) =

(

0 −1
1 0

)

𝒕(𝑥) . (52)

Consequently, the normal contact distance and relative tangential velocity are given by

𝑔𝑁 (𝒒) = 𝒏(𝑥)T
(

𝒒 − 𝒇 (𝑥)
)

and 𝛾𝐹 (𝒒, 𝒖) = 𝒕(𝑥)T𝒖 . (53)

Assuming inelastic impacts, the description is completed by the parameters 𝑒𝑁 = 𝑒𝐹 = 0 and 𝜇 = 0.3. Constraint derivatives and
generalized force directions for the unilateral constrains are obtained by differentiation of (53) with respect to time 𝑡 and generalized
velocities 𝒖, respectively. Depending on the chosen initial conditions four scenarios were studied.

Case 1:. Let 𝑡0 = 0, 𝑥0 = 𝑥(𝑡0) = 0 and 𝒒0 = 𝒒(𝑡0) = 𝒇 (𝑥0) = (0, 1). Hence, the point mass lies on the slope. For 𝒖0 = 𝒖(𝑡0) = (0, 0)
the mass starts at rest with 𝛾𝐹 (𝑡0) = 0. The initial accelerations �̇�0 = �̇�(𝑡0) and constraint forces 𝜆𝑁,0 = 𝜆𝑁 (𝑡0), 𝜆𝐹 ,0 = 𝜆𝐹 (𝑡0) have to
satisfy

�̈�𝑁 (𝑡0, 𝒒0, 𝒖0, �̇�0) ∈ R−
0
(−𝜆𝑁,0) and �̇�𝐹 (𝑡0, 𝒒0, 𝒖0, �̇�0) ∈ 𝐶𝐹 (𝜆𝑁,0)(−𝜆𝐹 ,0) . (54)

This can be understood as Signorini’s law (8) and Coulomb’s friction law (16) formulated on acceleration level, see Chapter 7 in
Ref. [4].

Case 2:. Starting on the slope as above, but with a nonzero initial velocity with 𝑢0 = 1 and 𝒖0 = 𝒕(𝑥0)𝑢0, the point mass starts in
slip with 𝛾𝐹 (𝑡0) ≠ 0. In this case, assuming Coulomb’s friction law, the initial accelerations and constraint forces are determined by

�̈�𝑁 (𝑡0, 𝒒0, 𝒖0, �̇�0) ∈ R−
0
(−𝜆𝑁,0) and 𝜆𝐹 ,0 = −𝜇𝜆𝑁,0

𝛾𝐹 (𝑡0, 𝒒0, 𝒖0)
‖𝛾𝐹 (𝑡0, 𝒒0, 𝒖0)‖

. (55)

Case 3:. Case 2 with 𝑢0 = −1.

Case 4:. Starting above the slope with 𝒒0 = (0, 1.5) and 𝒖0 = (0, 0). A single inelastic impact occurs and the point mass starts sliding
on the slope until stick.

The trajectories of Cases 1 to 4 are illustrated in Fig. 7. In Cases 1 and 2, the trajectories exhibit smooth curves until stick is
reached. However, a notable contrast is observed in Case 3, where a backward-forward slip transition occurs after a short time
11
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Fig. 7. Exemplary results of the point mass on slope example for Case 1 to 4.

interval, resulting in a kink in velocities and discontinuous percussion increments. In the final case, the starting position is situated
above the slope, leading to a single inelastic impact that introduces discontinuous velocities and percussion increments. It is worth
noting that in all cases, the ultimate slip-stick transition manifests as a velocity kink and a discontinuity in percussion increments.

To investigate the convergence properties of the proposed method, simulations were performed for different step-sizes. Using
a semismooth Newton method, the nonlinear equations (41) and (43) where solved up to an absolute error of 10−12 with the
proximal point parameters 𝑟𝑁 = 𝑟𝐹 = 0.1. A reference solution was computed with a step-size 𝛥𝑡 = 5 ⋅ 10−5 until a final time
𝑡f inal = 216𝛥𝑡 = 3.2768 was reached. All other solutions were computed with 𝛥𝑡 ∈ {2 ⋅ 10−4, 4 ⋅ 10−4, 8 ⋅ 10−4, 1.6 ⋅ 10−3, 3.2 ⋅
10−3, 6.4 ⋅ 10−3, 1.28 ⋅ 10−2, 2.56 ⋅ 10−2}. Since these step-sizes are multiples of the reference step-size, the resulting discrete time
grids always share the grid points of the coarser mesh. For the discrete time instants 𝑡1, 𝑡2, … , 𝑡𝑁 we introduce the discrete function
values 𝒇 = (𝑓1, 𝑓2,… , 𝑓𝑁 ) and their corresponding values of the reference solution �̄� = (𝑓1, 𝑓2,… , 𝑓𝑁 ). Hence, we follow [15] and
introduce the error measure

‖𝒇 − �̄�‖𝑝 =

(

𝛥𝑡
𝑁
∑

𝑖=1

|

|

𝑓𝑖 − 𝑓𝑖||
𝑝
)

1
𝑝

, 1 ≤ 𝑝 < ∞ , 𝑖 = 1, 2,… , 𝑁 . (56)

Since ‖𝒇 − �̄�‖1 ≥ ‖𝒇 − �̄�‖𝑝, we subsequently restrict ourselves to the former one. For vector valued quantities, we used the maximum
‖𝒇 − �̄�‖1 error over all components. Hence, we investigated the errors 𝑒𝑞 = max{‖𝒙− �̄�‖1, ‖𝒚− �̄�‖1}, 𝑒𝑢 = max{‖𝒖𝑥− �̄�𝑥‖1, ‖𝒖𝑦− �̄�𝑦‖1},
𝑒𝛥𝑃𝑁 = ‖𝛥𝑷𝑁 − 𝛥�̄�𝑁‖1 and 𝑒𝛥𝑃𝐹 = ‖𝛥𝑷 𝐹 − 𝛥�̄� 𝐹 ‖1.

The convergence behavior of all four cases is depicted in Fig. 8. It can readily be seen, that in the first two cases the generalized
positions and velocities are solved with second-order accuracy, although the solution involves a slip-stick transition. This is an
expected result since in the case of persistent frictional contact (without changing contact status, i.e., no slip-stick transition or
forward–backward/ backward-forward slip transition) the problem can be described by an index 3 DAE. For such problems the
classical RATTLE algorithm can be shown to be second-order accurate [30]. In contrast, the percussion increments indicate first-
order convergence. If an equivalently accurate approximation of the Lagrange multipliers is required, their values can be computed
a posteriori using the constraint equations on acceleration level [30]. However, such an accuracy is often unnecessary and involves
the cumbersome derivation of extra constraint derivatives, cf. [18,19,23]. In Case 3 and 4 an order reduction is observed and the
generalized positions and velocities indicate a non-monotone convergence of order one. For problems with discontinuous velocities
(e.g. Case 4) this observation is in line with the findings of [25] within a related problem.
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Fig. 8. Convergence behavior Case 1 to 4.

Fig. 9. Sketch of the Tippedisk.

5.4. Tippedisk

The tippedisk — a tippetop without rotational symmetry is an important mechanical-mathematical archetype for friction-induced
instability phenomena [45]. Furthermore, it serves as an excellent benchmark example for the validation of nonsmooth solution
algorithms. Essentially, the tippedisk is an eccentric disk of mass 𝑚 = 0.435, whose center of gravity 𝑆 does not coincide with
the geometric center 𝐺 of the disk, see Fig. 9. One way to construct such a tippedisk is to take a homogeneous disk of radius
𝑟 = 4.5 ⋅10−2 and remove mass at the distance 𝑏 = 2 ⋅10−2 by drilling a hole of radius 𝑎 = 1.5 ⋅10−2. The eccentricity 𝑒 then follows as
𝑒 = 𝑏𝑎2∕(𝑟2 − 𝑎2). Consequently, the inertia matrix is 𝐾𝜣𝑆 = diag(2.49 ⋅ 10−4, 2.2972 ⋅ 10−4, 4.7072 ⋅ 10−4). If such a specimen is placed
on a flat support, like a flat table, in the gravitational field with 𝑔 = 9.81, it is quite obvious that there are two stationary spinning
solutions where the gravitational force and the normal contact force balance each other. Namely, a solution where the center of
13
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Fig. 10. Simulation results Tippedisk: Simulated time evolution of the center of mass 𝑧 (left) and inclination angle 𝜃 corresponding to the last Euler angle with
sequence ‘‘𝑧𝑥𝑧’’ (right). Solid black: Moreau’s time-stepping method [36], dashed blue: Nonsmooth generalized-alpha method [18], dotted red: presented method.

gravity 𝑆 is below the geometric center 𝐺 and one where 𝑆 is vertically above 𝐺. We refer to former one as non-inverted solution,
while the ladder one is called inverted solution. If the non-inverted tippedisk is spun fast around an in-plane axis, the center of gravity
rises until the disk ends in an inverted configuration, which is called the inversion phenomenon. However, due to dissipation, the
spinning velocity decreases slowly over time.

We describe the position of the disk by the components 𝐼𝒓𝑂𝑆 ∈ R3 of the position vector of 𝑆 with respect to the inertial basis
𝐼 . To characterize the orientation of the disk, we introduce the body fixed 𝐾-basis such that 𝒆𝐾𝑧 is the normal with respect to the
face of the disk. The transformation matrix 𝑨𝐼𝐾 = (𝐼𝒆𝐾𝑥 𝐼𝒆𝐾𝑦 𝐼𝒆𝐾𝑧 ) is parametrized using a unit quaternion 𝒑 ∈ R4. Hence, the
configuration of the disk is described by 𝒒 = (𝐼𝒓𝑂𝑆 , 𝒑) ∈ R7. The generalized velocities are 𝒖 = (𝐼𝒗𝑆 , 𝐾𝝎𝐼𝐾 ) ∈ R6 composed of the
representations of the velocity 𝒗𝑆 of the center of mass 𝑆 and the angular velocity 𝝎𝐼𝐾 of the 𝐾-basis with respect to the 𝐼 and
𝐾-basis, respectively. As mentioned in Section 2, this choice leads to a model with the generalized kinematic equation (1). For the
relevant quantities 𝑩, 𝜷, 𝑴 , and 𝒉 describing such a parametrized rigid body under the influence of gravity, we refer to model 4
in [45].

The contact distance between the disk and the flat support is described by

𝑔𝑁 = 𝒓𝑂𝐶 ⋅ 𝒆𝐼𝑧 = (𝒓𝑂𝑆 + 𝒓𝑆𝐶 ) ⋅ 𝒆𝐼𝑧 . (57)

Following [45], we can introduce the grinding 𝐺-basis as

𝒆𝐺𝑧 = 𝒆𝐾𝑧 , 𝒆𝐺𝑥 =
𝒆𝐼𝑧 × 𝒆𝐺𝑧

‖𝒆𝐼𝑧 × 𝒆𝐺𝑧 ‖
, 𝒆𝐺𝑦 = 𝒆𝐺𝑧 × 𝒆𝐺𝑥 (58)

and conclude 𝒓𝑆𝐶 = −𝑒𝒆𝐾𝑥 −𝑟𝒆𝐺𝑦 , see Fig. 9. As discussed in [45], pure Coulomb friction is not sufficient to describe the experimentally
observed inversion phenomenon. Hence, an approximation of set-valued Coulomb–Contensou friction is taken into account by using
the set transformations introduced in [36] with radius of assumed circular contact area 𝑅 = 10−3. To this end, we use the contact
velocities

𝜸𝐹 =

⎛

⎜

⎜

⎜

⎜

⎝

𝒗𝐶 ⋅ 𝒆𝐼𝑥
𝒗𝐶 ⋅ 𝒆𝐼𝑦

3𝜋𝑅
16 𝝎𝐼𝐾 ⋅ 𝒆𝐼𝑧

⎞

⎟

⎟

⎟

⎟

⎠

, (59)

where 𝒗𝐶 = 𝒗𝑆 +𝝎𝐼𝐾 ×𝒓𝑆𝐶 denotes the velocity of the contact point. A closer look at the contact velocities (59) reveals that the first
two components correspond to tangential contact velocities and capture isotropic Coulomb friction. Moreover, the third component
is a representative radial contact velocity, which accounts for drilling friction.

The initial conditions were taken as 𝑡0 = 0, 𝐼𝒓𝑂𝑆 (𝑡0) = (0, 0, 𝑟 − 𝑒), 𝒑(𝑡0) = (0.5, 0.5, 0.5, −0.5), 𝐾𝝎𝐼𝐾 (𝑡0) = (−60, 0, 1) and
𝐼𝒗𝑆 (𝑡0) =

(

𝑨𝐼𝐾 (𝒑(𝑡0))𝐾𝝎𝐼𝐾 (𝑡0)
)

× 𝐼𝒓𝑂𝑆 (𝑡0). The simulations were performed using a constant step-size 𝛥𝑡 = 10−3 and the proximal
point parameters 𝑟𝑁 = 𝑟𝐹 = 0.1. Using a semismooth Newton method, the nonlinear equations (41) and (43) where solved up to
an absolute error of 10−8. For comparison, we have also solved the system with a variant of Moreau’s time-stepping method [36]
and the nonsmooth generalized-alpha method of [18]. Since the former one does not prevent penetration, a very small step-size
of 𝛥𝑡 = 10−5 has to be chosen in order to accurately represent the observed inversion phenomenon. For the second-order method
of [18], we chose the same step-size as for the nonsmooth RATTLE method, i.e., 𝛥𝑡 = 10−3, and 𝜌∞ = 0.9.

It is apparent from Fig. 10 that the simulation results using the presented algorithm are in line with the results obtained with
the method of [36], although a hundred times larger step-size was used. This shows that the presented method is well suited for
mechanical systems with spatial friction as well as models with a general kinematic differential equation (1). Since a significantly
14
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larger step-size was used, the number of required operations was reduced, resulting in substantial cost savings for the overall
computation. Moreover, the results are in line with those computed with the method presented in [18]. Hence, for persistent
frictional contact, the second-order convergence of the presented method is of crucial importance for the efficient solution of highly
dynamic problems like the tippedisk.

6. Conclusion

Higher-order time integration methods provide improved accuracy and computational efficiency. They lead to more precise
imulation results, while simultaneously reducing computational costs due to possible larger step-sizes. These are only a few
rguments to seek for higher-order methods for solving mechanical systems subjected to bilateral and unilateral constraints. The
xtension of existing, well-established higher-order methods is not straightforward. Although some attempts were made, they
ither suffer from penetration problems, involve complex contact formulation on all three kinematic levels (position, velocity and
cceleration) or collapse to a first-order method for persistent frictional contact, even in cases with constant sliding state (e.g. no
lip-stick transition).

The RATTLE algorithm is a well-established second-order accurate method for the solution of constrained mechanical systems and
nforces the constraints to be satisfied on position and velocity level. In this paper the method is extended to cope with unilateral
onstraints and friction. Moreover, normal and tangent impacts are included and at the same time (bilateral) constraint drift or
ontact penetration is prohibited.

Selected numerical examples showcase the versatility and robustness of the proposed method in various applications. The method
an overcome accumulation points (Zeno phenomenon), correctly handles slip-stick transitions, copes with nontrivial kinematic
elations and impressively yields second-order accurate positions and velocities in phases where the contact status does not change
i.e. no collisions/constant sliding states).
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