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Modeling the Motion of Microrobots on Surfaces
Using Nonsmooth Multibody Dynamics
Zoltán Nagy, Remco I. Leine, Dominic R. Frutiger, Member, IEEE, Christoph Glocker,

and Bradley J. Nelson, Fellow, IEEE

Abstract—We apply nonsmooth multibody dynamics to describe
the motion of a microrobot which is driven by the wireless reso-
nant magnetic microactuator. We first analyze the robot using a
simplified analytical model, which allows us to derive characteris-
tic and nondimensional parameters that describe its dynamics. We
then perform a numerical study to analyze the nonlinearities. We
predict several nonintuitive phenomena, such as switching of the
direction of the velocity with changing excitation frequency, and
show that both erratic and controlled motions occur under specific
conditions. Our numerical results are qualitatively consistent with
experimental observations and indicate that previous speculations
on the motion mechanism were incorrect. The modeling method is
general and readily applies to other microrobots as well.

Index Terms—Animation and simulation, contact modeling,
dynamics, micro/nano-robots, smart actuators.

I. INTRODUCTION

MANY technologies must be developed and synergisti-
cally integrated in order to realize microrobots for the

real world [1]. Aspects that must first be addressed for wireless
mobile microrobotic platforms are power supply and propulsion.
These aspects are challenging since both onboard batteries and
classical wireless power transmission using, e.g., electromag-
netic coupling between coils are inefficient for microdevices
due to scaling effects [2]. As a result, microrobotic systems that
feature wirelessly controlled agents with principle dimensions
in the submillimeter range have only emerged in recent years
[3]–[10]. Some of these developments follow a bioinspired ap-
proach, trying to mimic the rotational motion of bacterial flagella
which in turn drives the robot forward inside a liquid [9], [10].

Other approaches, especially to move on substrates, use in-
creasingly complex mechanical structures and motion mech-
anisms for propulsion. The electrostatic microrobot that is
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Fig. 1. (a) WRMMA in size comparison with a U.S. penny. (b) 1-D mechanical
model of the WRMMA (see Section II-A).

proposed in [3] is an untethered version of the scratch drive
actuator introduced in [11]. The system uses a substrate with
individually addressable electrodes to capacitively couple the
polysilicon microrobot to it and thereby induce linear sliding
motion. Then, by adding a cantilevered steering arm that can
be fixed selectively to the substrate, the same group demon-
strated arbitrarily steerable electrostatic microrobots on a pla-
nar surface [12] and multiple individually controllable planar
microrobots in [13].

The stick/slip microrobot Mag-μBot that is presented in [8]
is a small NdFeB magnet 250 × 130 × 100 μm3 and is actuated
on a substrate surrounded by three orthogonal pairs of elec-
tromagnets. Actuation is achieved by imposing a time-varying
magnetic torque on the microrobot which then pivots over the
substrate in a stick/slip manner. Global positioning of several of
these microrobots has also been recently demonstrated [14].

The wireless resonant magnetic microactuator (WRMMA)
introduced in [7] and [15] is shown in Fig. 1(a). The
WRMMA consists of two nickel masses that are connected
through a gold spring and has overall dimensions of roughly
300 × 300 × 50 μm3 . As shown in Fig. 1(b), one mass, i.e., the
body, rests on a gold frame support structure, i.e., on the sub-
strate, whereas the other mass, i.e., the hammer, is located above
the substrate and can move freely without friction. An oscillating
magnetic field induces a time-varying attractive magnetic force
between the hammer and the body. This leads to their oscilla-
tory motion resulting in observable propulsion of the WRMMA.
Because of the low masses, the actual motion mechanism is not
clear as the oscillations are in the kilohertz range and, thus,
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cannot be observed experimentally. It was speculated that the
impact between the body and the hammer causes the mo-
tion [7], [15]. See [16] for a recent demonstration of the ca-
pabilities of the WRMMA.

These microrobot examples rely on complex mechanical phe-
nomena such as sliding, stiction, and impact. These interactions
are complex to model due to their nonsmooth nature. Three
main approaches exist to analyze such systems. First, regular-
izing the friction force by an arctan function transforms its
nonsmooth nature into an analytical function that can be used
in the equations of motion. The drawback is that the physics
are modeled inaccurately as stiction, and thus, stick↔slip tran-
sitions cannot be captured. This approach is often employed in
animations and computer games where physical accuracy is not
important. Second, if nonsmoothness is preserved, event-driven
algorithms can be employed, as shown in [8], to model pivoting
stick/slip motion. This procedure yields the correct results and
is practical for a single contact point. However, at each time
step a logic decision tree must be created in order to identify the
stiction/sliding state of the system. Consequently, the method
becomes complex and error prone for problems with multiple
contact points as is the case for the scratch drive actuator or the
WRMMA.

To overcome these limitations, significant advances have been
made over the past two decades, and it has become possible to
formulate the contact problem and the nonsmooth phenomena in
a physically consistent, mathematically sound, and numerically
stable way [17]. In particular, Moreau’s time-stepping algorithm
has been employed with great success [18]–[22], and nonsmooth
multibody methods with set-values force laws have recently
been applied to various engineering problems in robotics [23],
haptics [24], and electronics [25].

This paper introduces the nonsmooth multibody dynamics
method with set-valued force laws to model the motion of micro-
robots on surfaces. As detailed previously, direct observation of
the nonsmooth phenomena at the microscale is impossible, and
thus, an accurate physical model is indispensable to analyze the
dynamics. In addition, a numerical model permits exploration
of the parameter space and predicts nonintuitive, interesting
phenomena. Using the WRMMA, we show how our approach
seamlessly models multiple contact points and predicts and ex-
plains nonintuitive yet experimentally observed phenomena.

Previous work on the WRMMA presented experimental re-
sults, yet did not attempt to model the motion mechanism
[7], [15]. Preliminary numerical results on the motion of the
WRMMA were given in [26]. The contributions of this paper
are the derivation and analysis of the analytical model of the
WRMMA in Section II, the formulation of its nonsmooth dy-
namics model and an extensive numerical study in Section III,
and the analysis of the results in Section IV. We conclude this
paper in Section V.

II. WIRELESS RESONANT MAGNETIC MICROACTUATOR

A. System Overview

The magnetic torque on the WRMMA acts such that the easy
axis of the device, typically the long axis (but it could be a

Fig. 2. Free-body diagram of the WRMMA.

diagonal), aligns with the applied field. Since rotational inertia
scales down faster with size compared to mass, we assume that
the linear motion begins after the WRMMA is aligned with the
field. Thus, a 1-D model is employed to describe its motion.

Fig. 2 shows the free-body diagram of the WRMMA. The
position of the body is described with coordinates (x1 , y1),
and the hammer is described with coordinate x2 . Note that y1
is only necessary for consistency in the numerical integration
procedure. The terms λN i and λT i in Fig. 2 designate normal
and tangential nonimpulsive contact forces, respectively (see
Section III).

1) Mass, Spring, and Damper: The size of the device is
roughly 300 × 300 × 50 μm3 . In the first prototypes, the body
and the hammer each had a length of about 150 μm, a width
of 130μm, and a height of 50 μm [7]. The density of nickel
is ρNi = 8900 kg/m3 , which results in a mass on the order of
10 × 10−9 kg for each part. Experimental characterization and
the determination of the parameter values that are used in the
following have been carried out in [15] and [27].

As for modeling the geometry, we consider devices with
asymmetrical mass distribution. We denote by mB the mass
of the body and by mH = α mB the mass of the hammer,
where α = mH /mB is the mass ratio. We assume the same
width and height for the body and the hammer, only the
lengths differing. We consider a total device length of Ldevice =
LH + LB + g0 = 300 μm, where LH and LB are the lengths
of the hammer and the body, respectively, and g0 is the equilib-
rium gap [see (2)]. Because of equal height and width, we have
LH = αLB = α(Ldevice − g0)/(1 + α).

Neglecting the mass of the spring and the frame, the total mass
mT of the device is mT = mB + mH = (1 + α)mB , and the
gravitational force FG that acts on the WRMMA is given by

FG = −FG ey = −β(1 + α)mB g ey (1)

where g = 9.81 kg/m2 , and β > 0 is a nondimensional param-
eter to study the effect of unknown vertical forces, such as
additional mass due to the gold frame and spring or parasitic
electrostatic forces, leading to changing frictional behavior.

The spring stiffness k is linear; thus, the spring force that acts
on the body is given by

FS = FS ex = k gN 2 ex (2)

where gN 2 := x2 − x1 − g0 is the gap between the body and
the hammer, g0 is the gap at rest, and k = 10.6N/m represents
a typical stiffness value [27].
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For the damping force FD , we assume linear drag behavior

FD = FD ex = c ġN 2 ex (3)

with ġN 2 = (ẋ2 − ẋ1) being the relative velocity of the body
and the hammer, and c ≈ 1 × 10−6 Ns/m is a typical drag co-
efficient in air [27].

2) Magnetic Force: In a homogeneous magnetic field, no net
force is exerted on a single, ideally soft, magnetic body because
of the lack of magnetic field gradients. Thus, the force between
the parts of the WRMMA arises solely due to the interaction of
both magnetizations. Standard results are only available for the
expression of the force between two hard magnetic bodies as
their magnetizations are independent and superpositions holds
[28]. There is no prior work on calculating the magnetic force
between two nearby soft-magnetic bodies when placed in an
external magnetic field. Here, we derive an expression which is
based on finite element (FE) results.

The two nickel parts act as a magnetic flux concentrator, am-
plifying the applied magnetic flux B in the air gap between
them, i.e., Bgap = Am (gN 2)B with Am (gN 2) being the ampli-
fication factor. The magnetic energy in a sufficiently small air
gap with volume V = A · gN 2 , where A is the facing pole area,
is given by

Egap =
1
2

∫
V

BgapHgap dV =
A‖B‖2

2μ0
gN 2A

2
m (gN 2) (4)

with Hgap = Bgap/μ0 . From the energy, the force on the body
(and on the hammer) is determined as

FM = −dEgap

dgN 2
ex (5)

= −A‖B‖2

2μ0
A2

m (gN 2)
(

1 +
2gN 2

Am (gN 2)
dAm (gN 2)

dgN 2

)
ex .

(6)

The amplification factor Am (gN 2) is approximated as [29]

Am (gN 2) =
cgμeff + g̃N 2

cg + g̃N 2
(7)

where g̃N 2 is the gap normalized with the total magnetic length
of the device, i.e., g̃N 2 = gN 2/(LH + LB ), cg is a geometry-
dependent fit factor, and μeff is the effective permeability. Be-
cause of the small scale, μeff is shape dominated, and we have
μeff ≈ 1/nx [30]. The demagnetizing factor nx has to be calcu-
lated for the device with magnetic length LH + LB . Using the
procedures from [31], we find nx = 0.1161.

For the fit factor cg , since a numerical, i.e., FE, fit has to be
used to determine its value, we simplify the force expression by
replacing the expression in the brackets in (6) by a fit factor κ2

and modify the amplification factor as

A2
κ(gN 2) :=

cgμeff + g̃N 2

(cg + g̃N 2)2 =
A2

m (gN 2)
cgμeff + g̃N 2

. (8)

This form has been found through observing the numerical fit
with respect to the FE results, and thus, (6) takes the more

Fig. 3. FE results and fit of the normalized magnetic force for different mass
ratios α.

compact form

FM = −A‖B‖2

2μ0
κ2A2

κ(gN 2)ex . (9)

The applied magnetic field B is modeled as a square signal
with frequency fa , amplitude B, and offset B, i.e.,

B(t) =
1
2
B(sgn (sin (2πfat)) + B) (10)

where sgn(·) is the signum function. It is difficult to experimen-
tally achieve a square magnetic field signal due to the low-pass
characteristic of the electromagnetic coils used to generate it,
and the actual signal has a rather trapezoidal form [27]. The
investigation of the influence of the signal form is beyond the
scope of this study. We opt to study the idealized on/off square
wave (B = 1), as this is the desired signal and the theoretical
limit for the actuation of the WRMMA.

Finally, by inserting (10) into (9), we obtain the time-varying
magnetic force between the body and the hammer as

FM (gN 2 , t) =
A‖B(t)‖2

2μ0
κ2A2

κ(gN 2) ex (11)

=
AB2

8μ0
κ2A2

κ(gN 2)
︸ ︷︷ ︸

:=FM (gN 2 )

(sgn (sin (2πfat)) + B)2 ex

(12)

and the influence of the shape on the magnitude of the force can
be analyzed with B = 1 and t = 0 by normalizing as

8μ0‖FM ‖
AB2 = κ2A2

κ(gN 2). (13)

To determine the fit parameters cg and κ, we perform an
FE analysis (Ansoft Maxwell 3Dv13) with μr = 600 as the
permeability value for bulk nickel, which is sufficiently high
to neglect the influence of the material, and the mass ratios
α = {0.5, 1, 1.5}. The FE results and the excellent fit are shown
in Fig. 3. The fit parameters are constant over varying α and
summarized in Table I.

We observe in Fig. 3 that the curves differ only slightly for
different mass ratios. This is important for experimental design,
as it shows that as long as the magnetic volume is the same,
the magnetic force between the body and the hammer remains
similar. This means that fabrication imperfections, resulting in
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TABLE I
FIT PARAMETERS AND GOODNESS OF FIT VALUES FOR THE NORMALIZED

MAGNETIC FORCE SHOWN IN FIG. 3

slightly different magnetic volume, will still yield the same force
between the body and the hammer, and thus, effects that result
from a different force can be excluded. Since the mass influences
the resonant frequency of the device, this result shows that it is
possible to change the resonant behavior of the device while
keeping the same interaction force.

3) Electrostatic Clamping Force: Below the substrate with
thickness dS on which the microrobot is moving is a set of
electrodes that can be set to a specific electrostatic potential
VC (t). This results in charge separation in the gold frame of the
robot, and, consequently, in an electrostatic clamping force FC

that acts vertically on the body [27]

FC = −FC (t) ey = −ε
AS V 2

C (t)
2d2

S

ey (14)

where AS is the area of the WRMMA facing the substrate, and
ε is the dielectric constant of the substrate. The potential VC (t)
is an on/off signal which is shifted by a phase ϕ ∈ [−π/2, π/2]
with respect to the magnetic signal [see (10)], i.e.,

VC (t) =
1
2
VC 0(sgn (sin (2πfat + ϕ)) + 1) (15)

which leads to the clamping force magnitude

FC (t) = FC 0(sgn (sin (2πfat + ϕ)) + 1)2 (16)

with FC 0 = (1/8)εAS VC 0 d−2
S . The precise value of FC 0 is not

important. For the simulations, it is chosen sufficiently high
(FC 0 = 1N) such that the body sticks to the substrate.

B. Linear Model for the Dynamics

For a first insight into the motion principle of the WRMMA,
we analyze its equations of motion analytically. Then, we give
the solution for stiction, as well as the conditions for stick↔slip
transitions, and analyze the sliding motion briefly.

1) Assumptions: To simplify the expressions, we neglect
damping, and assume that the magnitude of the magnetic force
is constant and independent of the gap size. We do not consider
clamping, focusing instead on the natural motion principle. A
sinusoidal magnetic field is assumed using the first term of the
Fourier expansion of the square wave:

sgn(sin(2πfat)) =
4
π

∞∑
k=1

sin((2k − 1)2πfat)
2k − 1

(17)

=
4
π

(
sin(2πfat) +

1
3

sin(6πfat) + · · ·
)

(18)

and the resulting force FM (t) = FM (t)ex is

FM (t) =
AB2

8μ0
κ2A2

κ(g0)
︸ ︷︷ ︸

:=F0

(
4
π

sin (2πfat) + B
)2

︸ ︷︷ ︸
:=f (t)

. (19)

2) Equations of Motion: When both the body and the ham-
mer are moving, the system is described by the following system
of two coupled second-order differential equations:{

mB ẍ1(t) = FS + FM (t) + FT (ẋ1(t))
mH ẍ2(t) = −FS − FM (t) (20)

where the friction force FT is set-valued and described by an
inclusion

FT (ẋ1) ∈ −μFG sgn(ẋ1) (21)

or, equivalently

FT (ẋ1) =

⎧⎨
⎩

−μFG, ẋ1 > 0
[−1, 1]μFG ẋ1 = 0
μFG, ẋ1 < 0

(22)

assuming for simplicity that the friction coefficient μ is the same
for static and kinetic friction.

The advantage of the set-valued force law is now appar-
ent. If the sgn function is regularized, or smoothened, by some
arctan function to obtain an equation rather than an inclusion,
the slope around ẋ1 = 0 will be very steep causing numerically
stiff equations. In addition, and worse, the body can never stick,
and hence, the physics are not correctly modeled. In contrast,
a set-valued friction law (22) allows one to clearly define the
motion states and the transition conditions as

ẋ1 = 0 (stiction) ⇒

⎧⎨
⎩

body sticks as long as |FT | < μFG

body sticks until |FT | = μFG

(stick → slip transition)
(23)

ẋ1 	= 0 (sliding) ⇒

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

body slides as long as ẋ1 	= 0
body slides until ẋ1 = 0
(slip → stick transition)

or
body keeps sliding: ẋ1 	= 0
(forward ↔ backward slip transition).

(24)

To derive the characteristic parameters of the system, we nondi-
mensionalize the equations of motion as follows. We define

s(t) := x1(t) + x2(t), and d(t) := x2(t) − x1(t) − g0 (25)

and introduce the nondimensional parameters σ, δ, τ , and η, and
the characteristic parameters sc , dc , and tc as

t = tcτ, s(t) = scσ(τ), d(t) = dcδ(τ), η =
dc

sc
(26)

and

1
tc

=
√

k

mH
= ω1 = 2πf1 , dc =

F0

k
, η =

F0

μFG
(27)

where ω1 and f1 are the natural frequency of the hammer-spring
oscillator (keeping the body fixed or tethered) in radians per
second and Hertz, respectively. The characteristic displacement
dc represents the change of the gap given the magnetic force
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and the spring since F0 = kdc . Finally, η is a nondimensional
parameter that represents the ratio of the maximum magnetic
force to the maximum friction force and is a key parameter for
the design and actuation of the WRMMA. With the definitions
for the forces of the previous section and noting that FM (t) =
F0f(t) [see (19)], the nondimensional inclusion version of the
system (20) is derived as

{
σ̈(τ) − (α − 1)ηδ(τ) ∈ (α − 1)ηf(τ) − αγ(τ)

δ̈(τ) + (α + 1)δ(τ) ∈ −(α + 1)f(τ) + α
η γ(τ)

(28)

with γ(τ) := sgn(σ̇(τ) − ηδ̇(τ)) ∈ [−1, 1]. For the remainder
of this paper, the dot represents differentiation with respect to
the nondimensional time τ .

As long as the nondimensional parameters remain constant,
the effects of individual parameters on the overall performance
of the system, e.g., the velocity of the robot, may compensate
each other. Thus, care must be taken during the experimental
investigation to isolate individual effects. We now investigate the
special cases of stiction, i.e., stick→slip transitions and sliding.

3) Solution for Stiction (Tethered case: ẋ1 = 0): We have
σ̇(τ) = ηδ̇(τ). Substituting this into (28) eliminates the set-
valued parts, and the system can be reduced through summation
to a single equation

δ̈(τ) + δ(τ) = −f(τ) ⇔ δ̈(τ) = −δ(τ) − f(τ) (29)

which represents a forced oscillation with driving force −f(τ).
Let f̃ := fa/f1 be the normalized frequency of the applied field.
Then, the steady-state solution can be written as

δ(τ) = A0 +
2∑

n=1

An

|1 − (nf̃)2 |
sin(nf̃τ + π/n − ϕn ) (30)

for n = 1, 2. For f̃ → 1/n, we observe resonant behavior, i.e.,
the amplitudes of the sin terms grow to infinity. The main reso-
nance occurs for n = 1, and we designate by f̃1 := 1 the teth-
ered resonant frequency of the WRMMA. The numerical ap-
proximations of An are A0 ≈ −(B2 + 0.81), A1 ≈ 2.55B, and
A2 ≈ 0.81.

4) Frequency Range for Stiction→Sliding Transition: We
now derive the conditions on the driving frequency f̃ to transi-
tion the system from pure stiction to a sliding behavior, and
thus to actual propulsion. Evaluating the stiction condition
|FT | < μFG in its nondimensional form and using (29) in the
resulting inequalities yields the stiction condition

∣∣∣δ(τ) + f(τ)
∣∣∣ <

1
η
. (31)

Next, inserting (30) into (31) yields
∣∣∣∣∣A0 +

2∑
n=1

An

|1 − (nf̃)2 |
sin(nf̃τ + π/n − ϕn ) + f(τ)

∣∣∣∣∣ <
1
η
.

(32)
We observe that for f̃ which is sufficiently close to 1/n, the term
An/|1 − (nf̃)2 | dominates the expression on the left. Then,

Fig. 4. Frequency range for stiction as a function of the nondimensional
actuation and design parameter η = F0 /μFG .

because |sin(x)| ≤ 1∀x, (32) reduces to

An

|1 − (nf̃)2 |
<

1
η
⇐⇒ |1 − (nf̃)2 | > ηAn (33)

and the stiction conditions on f̃ are

f̃ <

√
1 − ηAn

n2 =: f
(s)
1n , and f̃ >

√
1 + ηAn

n2 =: f
(s)
2n . (34)

Fig. 4 shows the stiction areas in the f̃ − η diagram for B = 1.
For f̃ in the vicinity of 1/n, the system will remain in stiction
if f̃ < f

(s)
1n or if f̃ > f

(s)
2n . If these conditions are not fulfilled,

the system transitions into sliding. Thus, we have related a key
parameter of the system η to the frequency ranges at which the
WRMMA will move. The ratio η = F0/(μFG ) is a design and
actuation parameter, since the magnetic force depends on the
geometry of the magnetic bodies, as well as on the applied field
strength, and the friction force depends on the properties of the
involved surfaces but may also be varied through clamping.

5) Resonance During Sliding: During sliding we have
σ̇(τ) > ηδ̇(τ) or σ̇(τ) < ηδ̇(τ), the friction force is maximum,
and thus the inclusion system (28) can be written as a system of
differential equations{

σ̈(τ) − (α − 1)ηδ(τ) + γ(τ)α = (α − 1)ηf(τ)

δ̈(τ) + (α + 1)δ(τ) − γ(τ)α
η = −(α + 1)f(τ)

(35)

with γ(τ) := sgn(σ̇(τ) − ηδ̇(τ)) = ±1. We do not attempt to
solve this coupled system, but rather derive its resonant behavior.
For this, we note that the second equation does not involve σ(τ),
and that it describes a driven linear oscillator. An analysis similar
to the stiction case yields that during sliding, resonance occurs
for f̃ →

√
1 + α/n. We define the main resonant frequency of

the two-mass spring oscillator as

f̃2 :=
√

1 + α (36)

i.e., increased by the factor
√

1 + α compared to the stiction
or tethered case (30). This increase is the cause of the experi-
mentally observed increase in the driving actuation frequency
of the WRMMA compared to the measured frequencies in the
tethered case [7], [15].
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To conclude, the analytical model, especially the conditions
for the transition of stiction to sliding, is valid in the vicinity of
f̃ ≈ 1. For the complete frequency range, a numerical investi-
gation is required and the subject of the next section.

III. NONSMOOTH DYNAMICS OF THE WIRELESS RESONANT

MAGNETIC MICROACTUATOR

To solve the equations of motion of the WRMMA without
assumptions, we use the nonsmooth dynamics approach as de-
scribed in [19]–[22]. This approach provides a mathematically
sound formalism for the dynamics of rigid bodies with set-
valued interaction laws for the description of unilateral con-
tact, friction, and impact. Furthermore, Moreau’s time-stepping
method in combination with a linear complementary problem
(LCP) formulation of the contact problem is used for the numer-
ical simulation [21]. The main advantage of using this scheme
over an event-driven algorithm is its robustness, as it does not
require the explicit distinction between the impact, stick, and
slip phases. In addition, the matrix/vector description and LCP
formulation allow for a seamless extension to multiple contact
points. Moreau’s time-stepping method discretizes the equality
of measures [18]

Mdu − h(q,u, t)dt −
∑

wN idPN i −
∑

wT idPT i = 0
(37)

which is a combined description of the nonimpulsive and
impulsive motion. Here, dt is the Lebesgue measure on R,
M = diag (mB ,mB ,mH ) is the constant mass matrix of the
mechanical system, u are the velocities associated with the
generalized coordinates q, and h is the vector of noncontact
forces such as spring, damper, and gravitational forces. The
generalized force directions wN i and wT i and the percussion
measures dPN i and dPT i describe the contribution of the con-
tact forces/impulses to the dynamics of the system, with the
subscripts N and T representing normal and tangential direc-
tions and i the contact number. The percussion measure Pi can
be decomposed into a nonimpulsive contact force λi and the
impulsive contact force Λi as

dPi = λidt + Λidη (38)

where dη is the atomic differential measure. For more details on
this formulation, see [19] and [20].

Fig. 2 recalls the free-body diagram of the WRMMA consist-
ing of the body with coordinates (x1 , y1) and the hammer with
coordinate x2 . The generalized coordinates and the associated
velocities are

q = (x1 y1 x2)
T , u = (vx,1 vy,1 vx,2)

T (39)

with q̇ = u for almost all t. The system has a frictional contact
between the body and the floor with a gap gN 1 . We assume that
this contact always remains closed, i.e., gN 1 = 0, and, there-
fore, consider it to be a frictional bilateral contact with sliding
velocity γT 1(u) = vx,1 and friction coefficient μ. The friction
force between the body and the substrate is λT 1 , and the reaction
force of the substrate is λN 1 . Furthermore, there is a friction-
less unilateral contact between the body and the hammer with
gap gN 2 ≥ 0 and restitution coefficient ε. Since the contact is

frictionless, we have λT 2 = 0; λN 2 is the contact force between
the body and the hammer. The impulsive contact forces model
the impact force between the body and the hammer consid-
ered only in the normal direction (ΛN 2 ≥ 0,ΛT 2 = 0,) and its
possible effect on the closed contact (ΛN 1 = 0,ΛT 1 ≥ 0). The
matrices WN = (wN 1 wN 2 ) and WT = (wT 1 wT 2 ) of
generalized force directions are

WN =
(

0 1 0

−1 0 1

)T

, WT =
(

1 0 0

0 1 0

)T

. (40)

The noncontact forces h are the gravitational force FG , the
clamping force FC , the spring force FS , damping FD , and
magnetic force FM between the body and the hammer, i.e.,

h = FG + FC + FD + FM (41)

which have been derived in Section II-A as

FG = ( 0 −β(mB + mH )g 0 )T (42)

FS (gN 2) = (−kgN 2 0 kgN 2 )T (43)

FD (ġN 2) = ( cġN 2 0 −cġN 2 )T (44)

Fm (gN 2 , t) = ( fm (gN 2 , t) 0 −fm (gN 2 , t) )T (45)

Fc(t) = ( 0 −fc(t) 0 )T (46)

with

fm (gN 2 , t) = FM (gN 2)(sgn (sin (2πfat)) + B)2 (47)

fc(t) = FC0(sgn (sin (2πfat + ϕ)) + 1)2 (48)

and B = 1, unless otherwise specified. Note that in (42), β mod-
els unknown vertical forces and, thus, implicitly, the horizontal
frictional force. We do not consider other unknown horizontal
forces in this study.

A. Numerical Integration Procedure

Moreau’s time-stepping method which is used to integrate
(37) is a midpoint rule in which the percussions are solved for
in an implicit way. First, a midpoint qM of the generalized po-
sitions with a forward Euler step is calculated using the position
and velocity at the beginning of the time step. The closed con-
tacts are determined at qM . Then, the contact problem for the
percussions of the closed contacts is set up in the form of an
LCP. Solving the LCP gives an approximation of the velocity at
the end of the time step. Finally, the positions are updated using
the velocity at the end of the time step.

The integration scheme is implemented in MATLAB and is
performed by sweeping over the actuation frequency fa . In these
parameter sweeps, the initial conditions at a specific frequency
are the results of the simulation at the previous frequency. When
sweeping the frequency in different directions, this may result
in different steady-state solutions, i.e., it allows us to identify
hysteresis in the system.

The goal parameter of interest in all of our studies is the
mean velocity of the robot, which we define to be the mean
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TABLE II
μMKSfA UNIT SYSTEM ALLOWS ONE TO STUDY PHENOMENA AT THE

MICROSCALE WITHOUT NUMERICAL PROBLEMS

TABLE III
CONSTANT PARAMETERS THROUGHOUT THE SIMULATIONS

displacement of the body per actuation period T = 1/fa , i.e.,

urobot :=
x1(t + T ) − x1(t)

T
. (49)

For a given frequency, the number of periods for the inte-
gration procedure is determined iteratively until a convergence
criteria is reached. This is either the absolute error threshold of
5 × 10−4 μm/s between two consecutive periods or the max-
imum number of iterations. The latter is 300 for the first fre-
quency and then 100 for the next one. This ensures that the
system has reached steady state and yields a good compromise
between accuracy and computational time.

To avoid numerical problems due to small numbers, we de-
scribe the parameters in the scaled μMKSfA unit system as
shown in Table II.1 Since this uses μm as one of its base units,
it represents a natural choice to model phenomena at the mi-
croscale. The time step for the integration dt is set to one thou-
sandth of the actuation period, dt = 10−3T , in order to ensure
sufficient temporal resolution.

B. Parameter Sets

For the frequency sweeps, we typically scan a frequency range
of f̃ ∈ {0.3, 2.2} in 75 equidistant steps. The investigated pa-
rameters are the mass ratio α, the strength of the magnetic field
B, the friction β, and the effect of the periodic clamping force
and its phase ϕ. Table III shows the parameters that are kept
constant during the numerical analysis, such as the total length
of the device as Ldevice = 300μm. The natural frequency is
set to fn = 2300 Hz, and the spring stiffness is calculated from
k = mH (2πfn )2 .

1This table and other scaled unit systems can be found in the manual of the
FE software ANSYS (www.ansys.com).

Fig. 5. Robot velocity for α = 1.5 and B = {3, 5}mT. The dashed vertical
lines represent f̃1 = 1 and f̃2 = 1.58. The phase diagrams of points (a)–(d) are
shown in Fig. 7.

Fig. 6. Robot velocity for B = 3 mT and α = 1.5 (η = 0.17).

IV. NONSMOOTH DYNAMICS SIMULATION RESULTS

A. No Clamping: Natural Motion Principle

For the unclamped mode, Fig. 5 shows the results for α =
1.5, β = {8, 32}, and B = {3, 5}mT. The arrows indicate the
direction of the frequency sweep. The vertical dashed lines are
at the resonant frequencies f̃1 and f̃2 =

√
α + 1 ≈ 1.58. We

observe hysteretic motion around f̃2 : when sweeping up the
frequency, motion starts at f̃ < f̃2 and stops at a frequency
f̃ > f̃2 . When sweeping down, the motion starts at f̃ ≈ f̃2 and
lasts until the starting frequency in the upsweeping case. This
hysteretic behavior is consistent with empirical observations [7],
and qualitatively validates the simulations.

Recall that β is used to model unknown vertical forces, and
thereby varying frictional behavior, and note its unintuitive in-
fluence in Fig. 5. For B = 5 mT, increasing β from 8 to 32
decreases the velocity at f̃2 , as one would expect. However,
at f̃1 , the velocity is increased. This shows the importance of
understanding and controlling the frictional behavior. This can
be done statically by investigating different substrate materi-
als [27], or dynamically, by applying a clamping force that is
not sufficient to cause the body to stick to the substrate.

In Fig. 6, a closeup for the case B = 3 mT and β = 32 is
shown, together with the corresponding frequency limits for the
actuation (34). We observe that the analytical limits correspond
fairly well to the limits in the nonsmooth results, demonstrating
its applicability. In addition, the motion is nonhysteretic, and the
velocity changes direction as the frequency is changed, which
is again, a behavior experimentally observed in [15].
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Fig. 7. Phase plots at f̃1 (left column) and f̃2 (right column). The points
(a)–(d) correspond to those in Fig. 5 (α = 1.5, B = 5 mT, η = 14.79/β).

The nonsmooth model allows one to investigate the motion
principle using phase plots, such as in Fig. 7: For the points (a)–
(d) in Fig. 5 and the additional case β = 48, the velocity ẋ1 of
the body versus the gap gN 2 between the body and the hammer
is shown. The arrows indicate the direction of motion in the
phase space. The horizontal dotted line represents zero velocity
of the body (ẋ1 = 0), and the vertical dotted lines represent the
equilibrium gap g0 and the closed gap (only in the right column).
Consider the plot for point (a) (top left), and assume that motion
starts in quadrant I at the marked point. In I, the gap reduces,
while the body moves in the positive direction (ẋ1 > 0). In II, the
gap further reduces, while the body velocity mainly decreases to
zero and changes direction in III. The change of velocity occurs
at a nonzero gap, i.e., without impact. The motion in III and IV
is opposed to I and II, i.e., the gap increases, while the body
moves in the negative direction. Thus, for this configuration, the
body oscillates in a pure sliding motion. Now consider the case
for f̃1 and significantly increased friction, β = 48 (bottom left).
The general oscillatory behavior is the same as in the previous
case. However, at the transition from II to III, the body velocity
remains zero, while the gap is further reducing. This indicates
stiction of the body and a general stick/slip motion.

In contrast, consider any configuration of f̃2 (right column).
The gap closes completely in II, and the body velocity jumps
from a positive value in II to a negative value in III, indicating
that impact occurred. Note, however, that the occurring impact
does not mean that the body is pushed forward by the hammer.
In fact, the corresponding velocities in Fig. 5 are positive, indi-
cating that the hammer is pulling the body. These findings are in
clear contrast with the speculations in [7] and [15], where it is
assumed that the impact of the hammer onto the body breaks the
static friction of the body and moves it forward, e.g., the hammer
pushes the body. Instead, our results indicate that the natural mo-
tion of the WRMMA occurs by pure sliding, stick/slip motion
of the body, or impact. Even for impact, though, the hammer
pulls the body. In addition, friction seems to have little effect on
the motion mechanism, as the phase diagrams for f̃2 are qual-

Fig. 8. Effect of the mass ratio α. The actuation range around the decreasing
resonant frequency f̃2 =

√
1 + α (vertical lines) merges with the one around f̃1

and results in erratic behavior for small α (β = 8, B = 5 mT, and η = 1.85).

itatively identical for varying friction, and for f̃1 , the motion
mechanism transitions from pure sliding to stick/slip motion
with increasing β.

B. Mass Ratio and Design for Multiagent Control

Fig. 8 shows the effect of the mass ratio α. Note that the res-
onant frequencies f̃2 =

√
1 + α for the two-mass spring oscil-

lator decrease with decreasing α. As the actuation range around
those frequencies is relatively large, these areas merge with the
actuation areas around f̃ = 1 for small α, and an erratic behavior
emerges.

Fig. 8 is also interesting in view of multiagent control, i.e.,
where multiple devices are actuated on the same substrate.
In [15], it is suggested that this is possible if the resonant fre-
quencies of the individual devices are sufficiently different. Our
results in Fig. 8 show that the actuation areas are relatively large
and may overlap even for designs that are significantly different.
This frequency range must be taken into account for successful
design. One possibility is to decrease the actuation field strength
as this decreases the actuation range and, thus, allows for better
separation (see Fig. 5).

C. Effect of Clamping: Velocity Control

Fig. 9 shows the results when a periodic clamping force (48)
with a phase shift ϕ with respect to the magnetic signal is
applied to the body. The other parameters are set as α = 1.5,
B = 5 mT, and β = 8. The respective curve for the no-clamping
case from Fig. 5 is shown as a reference. We observe that the
actuation range is increased with the maximum velocity shifting
from f̃2 ≈ 1.58 to f̃ ≈ 1.2. The net velocities around f̃ = 1.58
are reduced, and around f̃ = 1.2, they are significantly larger
compared to the unclamped case. A slight hysteresis is observed
for ϕ = π/2 around f̃ = 1.1. Clearly, changing ϕ from −π/2
to π/2 reverses the direction of the velocity. The motion in these
cases is rather smooth and changes direction at f̃ ≈ 1.35, when
motion in the unclamped case starts. These effects have been
described previously [15]. Yet, this downshift of the actuation
frequency shown by our model was wrongly interpreted in [15]
as an actual increase of the actuation frequency compared with
the tethered mode, as mentioned in Section II-B5.

Next, in Fig. 10 the continuous variation of ϕ is shown for
the case f̃ = 1.58 of Fig 9. We see that a phase shift from
−π/2 to π/2 induces a change in the velocity direction with
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Fig. 9. Effect of the clamping signal. The actuation range is shifted to lower
frequencies, and the direction of velocity is changed at f̃ ≈ 1.35 (α = 1.5,
B = 5 mT, and β = 8).

Fig. 10. Influence of the clamping phase shift ϕ on the velocity (β = 8,
f̃ = 1.58, and B = 5 mT).

approximately the same magnitude. However, the change is
not sharp, but rather shows a cosine behavior. Thus, the model
predicts that it is possible to control both the magnitude and the
direction of the velocity through ϕ. This cosine behavior of the
velocity with ϕ is well supported by experiments [27] validating
our results.

Both the rectification and smoothness of motion when clamp-
ing is activated can be explained in the phase plot shown in
Fig. 11. We can identify the impact for the no-clamping case
by the velocity jump at gN 2 = 0. However, in the clamping
cases, the gap never closes, and we see stick/slip motion with
nonzero body velocity primarily in one direction, e.g., positive
for ϕ = π/2. Thus, the motion of the body has been rectified.
The smoothness is a result of the rectification as the body no
longer oscillates. Thus, the clamping force changes the motion
mechanism from impact to stick/slip driven motion.

This analysis indicates that clamping has a different effect
of what has been speculated in [7] and [15]. There, it was ob-
served that the net velocity increases with clamping, which is
also verified in our model. However, it was thought that the rea-
son for this increase was that clamping down the body allowed
for larger impact velocities and, thus, larger propulsion of the
robot. However, our results indicate that the effect of clamping
is different. At frequencies with small or zero velocities in the
unclamped case (e.g., f̃ ∈ (1, 1.2) in Fig. 9), the rectification of
the oscillation of the body allows for an efficient energy trans-
fer, and thus larger net velocities. At frequencies where impact
occurred in the unclamped case (e.g., f̃ = 1.58 in Fig. 9), the
impact is eliminated by clamping, and the motion mechanism
is changed to a stick/slip motion.

Fig. 11. We see that clamping changes the motion mechanism fundamen-
tally from impact driven to a stick/slip motion (α = 1.5, B = 5 mT, β =
8, and f̃ = 1.58).

V. SUMMARY AND DISCUSSION

In this paper, we have applied nonsmooth multibody dynam-
ics to describe the motion of complex microrobots that exhibit
friction and impact. As an example, we studied the WRMMA
that is driven by oscillating magnetic fields. We analyzed the sys-
tem analytically and derived the interaction forces and frequency
limits for actuation. We integrated the nonsmooth equations of
motion numerically using Moreau’s time-stepping scheme. Our
results are qualitatively consistent with experimental observa-
tions [7], [15], and predict the magnitude of the velocities, hys-
teretic motion, and the change of the direction of the velocity
with changing frequency.

Our results provide further insight into the motion of reso-
nant microrobots. In contrast with previous speculations that the
WRMMA behaves as an impact drive actuator, our results show
that the WRMMA is a two-mass spring oscillator, and its natural
motion principle is stick/slip behavior. The stiction and sliding
phases are governed by the actuation frequency and the friction.
Our results also predict impact around the resonant frequency
of the oscillator. However, this impact does not contribute to
propulsion. Finally, our results explain how the clamping force
acts to increase the actuation range, to rectify the oscillations of
the body, and, thereby, to smoothen the motion of the WRMMA.

As mechanical systems with friction and frictional impacts
are among the most complex mechanical systems to analyze, the
method that is described in this paper applies to a large range
of different robots and will guide engineers and researchers
through their design and actuation phase.
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