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Simulation of granular media

Rough incline made
of fixed grains

Friction : 0.3 everywhere

Slope

E%Q
&Ry,

Polygonal grains
of random shapes

o

b W

10 hours of simulation time
on the high-performance
computer of the University
of Stuttgart?

Not really...




Application examples of Nonsmooth Dynamics

Simulations by: Giuseppe Capobianco, Simon Eugster, Jonas Breuling, R.L.




A motivating example: The block-on-belt system

equation of motion mg + c¢q + kq = Frp

relative velocity YT = § — Vdr

friction law (vr, —Fr) € Graph F

friction force

o
\F_

0

\ relative velocity

Stribeck friction law




Decomposition of the Stribeck friction law

Stribeck differentiable part pure Coulomb friction
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Coulomb friction is a | ol \
set-valued force law expressing

the difference in causality impressed force 0
in the stick and slip phase in slip




Regularization methods

Arctangent smoothing

“ip ] — A1 = ;L}.N% arctan(eyr)

r-_ stiff ODE
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Coulomb friction as a normal cone inclusion

Primal form Dual form Vi relative velocity
— AT T 4
fLA N

-
AN — A7

F

friction force

— A1 € pAy Sign(yr) Y1 € Nop(—ATr)

\ set-valued \ normal cone

sign function
force reservoir: Cm = [—,tﬂ}um,uf"\h*]




Normal cone from convex analysis

x on the boundary of ' = normal cone N (x)consists of outward normal ray(s)

x in the interior of C = normal cone N¢(x)is zero




Coulomb’s spatial friction law

— AT

force reservoir

— A7 on the boundary of C'r — A7 in the interior of C'p

~7 in outward normal ray ~r =0

A = "MCT(_AT) -

normal cone inclusion




Proximal point to a convex set

proximal point function:
T = proxg(z)

|

1
F(z —x) € Ne(x), r>0

substitute:
zZ2=—-A+ry
=
T =—A A
oy e N(*(—}t) = =A== pI‘D}{{;(—)i -+ T"'_',l")

normal cone inclusion implicit equation




Coulomb friction as proximal point equation

Primal form — Ay € pAy Sign(q7)
_"}"'T &

[TREY

Proximal point equation

—Ar = ProXg,(—Ar + r7)

force reservoir: Cr = [—puAN, pAN]

ALART & CURNIER 1991

Dual form -~y
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€ NCT(_}'-T)
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}  proxg,.(z)
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The block-on-belt system as DAE

Differential inclusion
equation of motion mqg + e¢q+ kq = Fp(yr) + Ar

relative velocity YT = ¢ — Vqr

friction law — A1 € pAN Sign(yr)
—Ar € pAN Sign(yr) <= Yr € Nop(—Ar) <= —Ar = proxg,.(—Ar +7ry7)

Differential algebraic equation Differential algebraic equation

i=u
U= —2u— g+ s Fo(ir) + Ar
T T

rr T

€ = f(z,A)
0 = Az + proxc,.(—Ar + ryr) 0=c(zx,A)

with yr = u — v,




A semi-implicit index-2 DAE solver

Differential algebraic equation Semi-implicit scheme

= f(2,X) Tir1 = T + Atf(Ti, Aiy1)
Hessenberg-2 DAE —
0=c(z,)) 0 = ¢(@i+1, Ait1)

in each step solve 0 = c(x; + Atf(x;, A1), Ais1)
solvable if det(c,f At +cy) #0 index must be 1 or 2

Block-on-belt system with semi-impl. scheme

event capturing method |
gi+1 = ¢i + Atu, B

witr1 = Wi + 2L (—cu; — kgi + Fp(yri) + A1)

0 = Az,i+1 + Proxg, (—A7it1 + ry1is1)

B [FR. 1 1.2

with yr; = u; — var q EDE] time-step




Multibody system with set-valued force law

Multibody system Semi-implicit scheme

kinematics q — ] giv1 = q; + &t'ﬂ-f hl q;,U;)

kinetics Mu — h(qg,u) = WA M (w1 — u;) — Ath; = AtW A
rel. velocity Y = Wl + X Ti+1 = WTH;&H 1=
force law ¥ E Nof—X) Yi+1 € No(—Ait1)

i1 = AAWEIM WA + W (u; + AtMh;) + x

-

=t e

A —b

Yi+1 € Ne(—Ait1) . . :
Linear normal cone inclusion problem

y=Ax+b
—y € No(x)




Overview

Variational
iInequality
y=Ax+Db

Constrained optimization problem
1

min -z Az + bl x

xeC 2

Ta=a">0

Normal cone
inclusion problem

y=Ax+b

Ve*eC:y (" —x) >0 —y € No(z)

| c=rgt

Linear complementarity problem
y=Ax+b

0<ylxz>=0

Proximal point
equation problem

y=Axz+b

T = proxg(x — ry)




Numerical methods

Normal cone Proximal point
inclusion problem equation problem

y=Az+b < y=Ax+b
—y € Neo(x) x = proxg(x — ry)

N\

r > () can be chosen
arbitrarily!

Semi-smooth Newton method Proximal point iteration

f(x) := ¢ — proxg(x — r(Az + b)) for some initial guess x iterate

for some initial guess x iterate Yr = Az + b

Zpi1 =k — I flxr), J € (k) Tp41 = ProXo(Tr — ryx)

until ||@rey — k|| < tol until ||ere; — @l < tol

r too small: slow convergence
r too large: divergence




Contact law in normal direction

Signorini’s law
no penetration gy >0
no adhesion Any =0

no distance effects gy > 0= Ay = 0

0<gv LAn =0

Primal form —Ay € N+ (gn) Dual form gy € Ney(—An)

o .j't NE aN

force reservoir: Cn = R,




A Signorini contact problem in statics
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gy =b—1x

Kinematics:
equilibrium of forces: Fspring + An =0

constitutive equations: -
.I:I-._" 3 Sy — IEI‘:-.!“ | % i _!_ * i

PRI | o $—solution
0<gn LAN =0

spring law
contact law

Contact problem
P Linear complementarity problem

1
Q’NZEAN%‘E} y=Axz+b
0<gnvLAN =0 0<ylxz=0




A multi-DOF Signorini contact problem in statics

equilibrium of forces: Kq=WyAnx+f

kinematics: gN = Wﬂq + go

constitutive equation: 0<gy LANy =0

Contact problem

gy = Wy K "Wy Ay +go+ WyK ' f
A b
0<gyvLAnN=20

Proximal point
equation problem

y=Ax+b =y

Linear complementarity problem

O0<ylax=>0 x = proxg(x — ry)




Dynamics: the evolutionary problem

Nonimpulsive dynamics
kKinematics: qg=u
equation of motion: M (q)t — h(q,u) = WyAny + WrAr

normal contact law:  gn; € Noy (—An;)

friction law: Tri € ch;-(.a”j){—;ﬂ"j)

Impulsive dynamics

impact equation: M(g)(u™ —u") = WyAn + WrAr
normal impact law: 3 +enjvy; € Noy(—Anj), J€ZIn={j|gn; =0}

tangential impact law: 7. + erjv7; € Nepay,)(—Arj),  J € In




Accumulation points of collisions
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The Woodpecker Toy: a simple code

[t,g,u] = woodpeckertimestepping(tl,te,ql,ul, N)
9; m5 = 4.5e-3; JS = Te-T7; IM = 0.01; 1G = 0.015; 15 = 0.0201;
= . 002] ] . 00253 hM = 0,005 ns 0.02; grav = 9.81; cphi = 0.0056;
= 0.3; el = [0.5;0;0]; le k = la=8;
M =[ (mS+mM) mS*IM mS*1G; mS*1M (JM+#mS*1M*2) mS*1M*1G; m3*1G mS*1M*1G (JFS5+mS*1G"2Z)]:

WH = |0 O Oy O hM -hM; i }l:; WT |1 1 17 1M £

linspace (t0,te,N); dt Ce=tl) A (H=1);
I -_—

[l zeros(3, zaros{3,M-1) | PN

: (H-1) | o Moreau-timestepping scheme

E{i)+dt/2; qM aqiz:4i) + de/f2%ul:,:1); P d
= [-(mE&+mM) *grav; -cphi*(gM(2)-gM({3))}-m5*grav*lM; -cphi* (gM({3}-gM(2))-m5*grav*lG]:
gl = [LM+1G=18=r0=-hS5%qM{3) ; cM=-c0+hM*gM (2} ; eM=-rD=-hM*aM{2) ];
I = find{gN<=0)"; index sat of closed
1f ~i1sempty (L)
gammalbf WH{:,I)"*afz,3);
converged = false;
while ~converged %fixed point i1teration
ufz,i+l) = 1u{:,1i} MY [h*dt + WN{:, T}*EN(I} + WTJ{:,I}*PTI{I});
gammaME = WH{:,I)"*ul:;i+1); gammaTE = WT(:,I) "*u{:,1i+1l);
EMnew = proxCH(PH{I)-r* (gammaMNE + eM{I).*gammaMi} ] ;
PTnew = proMCT(PT{I)-r*gammaTE,mu*FN{L)}
converged = porm{PN{I)-PNnew)+norm(PFT(I}-PTnew} < tol;
FM(I} = PHnew; PFT(I)] = PFTnew;
end

ufz,i41] = ulz,1) + M\{h*at

aM ul:,i+l)*di/f2;

= pro®Ci(=), ¥ = max(0,x);
proxCT(x,a), v = maximin{x,a),-a};

PFEIFFER & GLOCKER 1996, GLOCKER 1995




A semi-implicit index-2 DAE solver

Differential algebraic equation Semi-implicit scheme

= f(2,X) Tir1 = T + Atf(Ti, Aiy1)
Hessenberg-2 DAE —
0=c(z,)) 0 = ¢(@i+1, Ait1)

in each step solve 0 = c(x; + Atf(x;, A1), Ais1)
solvable if det(c,f At +cy) #0 index must be 1 or 2

Block-on-belt system with semi-impl. scheme

event capturing method |
gi+1 = ¢i + Atu, B

witr1 = Wi + 2L (—cu; — kgi + Fp(yri) + A1)

0 = Az,i+1 + Proxg, (—A7it1 + ry1is1)

B [FR. 1 1.2

with yr; = u; — var q EDE] time-step




A semi-implicit index-3 DAE solver

Differential algebraic equation Semi-implicit scheme
y=gy,z) Yi+1 = Yi + Atg(yi, zi+1)
2= hiy,2,X) Hessenberg-3 DAE 21 = zi + Ath(ys, 2, i)

0=c(y,z.A) 0 = c(Yit1, Zit1, Ait1)

in each step solve

0 = c(y; + Atg(yi, zi + Ath(yi, 2i, Ait1), Aiv1)), Zi + Ath(Yi, 2i, Ait1), Ait1)

solvable if det(c,g.h\At* + c.hyAt +cy) #0 index must be 3 or less




Semi-implicit index-3 DAE solver in mechanics

Multibody system (frictionless)

kinematics q=1u
kinetics M — h(q,u) = WAy
contact dist. gy = gn(q)

impact law is missing!!!

}[} — AN -} ]]I'D}{CN(—AN i = TQN(‘I))

Signorini's law  gx € Ng, (—AN)

Semi-implicit scheme
h(g;.w;) agrees for single-contact
gi+1 = Qi + Atuiqg | problems with the inelastic

M (w1 — u;) — Ath; = WPy i Schatzman-Paoli scheme
gnN,i+1 = gN(Qi+1)

SCHATZMAN & PaoLl, 2002
0 = Py i1 + proxg, (—Pnit1 + TgNi+1) :




Semi-implicit index-3 DAE solver in mechanics

function [t,g,u] = semi_implicit_scheme(sys,t0,te,ql0,ul,N,tol)
¥ Semi-implicit scheme for frictionless 1nelastic i1mpacts

t = linspace(t0,te,N); dt = (te-t0)/(N-1); $time stamp and time step
q = zeros{sys.dim gq,N); u = zeros(sys.dim g,N); PN = zeros(length({sys.I),1l);

g(:,1) = gq0; u(:,1) = ul; $initial condition

for i=1l: (N-1)
h= gys Hit{i), gl 1), 0(2,1)); "ﬂl"l."
M = sys.M(t(i),qg(:,i}));
WN = sys.WChi(t(i),qg(:,1i},sys5.1);
converged = false;
while ~converged
u(:,i+1) = u(:,i)y + M\ (h*dt + WN*EN):
gls:14L) = glryi) b+ ulzspitl)®di;
gl = sys.gN(t(i+l),qg({:,i+l),sys.I); =g
PNnew = proxCN(PN-sys.r/dt*gN);
converged = norm(PN-PNnew) < tol;
FN = PNnew;
end
end

function y = proxCN(x), y = max(0,x); $proximal point function for CN = R_0"+

impact law is missing!!!
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Schatzman-Paoli-type contact law

completely inelastic gn.i+1 € Noy (—Pnit1)

partially elastic gn.i+1 +engni-1 € Noy(—Pnit1) D<ey<l1

Single-collision Multi-collision

At = 0.001005

NN . “

0 1 At = 0.001

impact is resolved over two time-steps wrong results for ey > 0




Moreau timestepping

Measure differential inclusion
e o
dg = udt ENj = Tnj T eNIN;

M(‘I)dﬂ — h(q, u)dt — WWdRM Hﬁ"j((ﬂ —3 ‘Ef"u"j = ‘ME"N (_dpﬁ’j}
gf\,fj{Q) =) dple = ()

Time stepping scheme (Moreau)

qu = qi + Hz‘% /
qi+1

M (qn)(uwiv1 — w;) — b(qu, ui)) At = Wy Py iy qn

q; At

2

ENGi+l = INji+1 + eNYNji t

gnilam) £0: €njit1 € Noy(—Pnjit1)
gnj(gm) >0: Pnji1 =0 1\ MOREAU, JEAN, 1988

t tigi

_ At contact law on velocity level!
gi+1 = gM T+ Ui415 Y




If we want frictional and/or elastic impacts...

Constitutive equations

friction laws impact laws
anisotropic Coulomb friction gen. Newton's impact law

Coulomb-Contensou friction Poisson impact law

Glocker, Brogliato, Panagiotopoulos, Curnier, Leine, de Saxe, ...

Measure differential inclusions

Moreau, Monteiro Marques, Schatzman, Ballard, Stewart, ...

Event capturing schemes
Moreau's timestepping scheme Moreau, Jean

Nonsmooth generalized alpha method Acary, Bruls, Capobianco




If we
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Moreau timestepping

Measure differential inclusion

dg = udf
M (q)du — h(q, u)dt = WxdPy

Time stepping scheme (Moreau)

At
qu = qi T Ui

M (qnr)(wis1 — ;i) — h(gum, ui)At = Wy Py i

ENji+1l = INjit+1 + ENYNj,i
gnilam) < 0: &njit1 € Noy(—Pnjit1)

gni(gn) >0: Pnjit1 =0 \ driftll

_ At contact law on velocity level!
gi+1 = gM T+ Ui415 i




Nonsmooth RATTLE

M(qgi)(u; 1 —ui) — higi,u;, )5t = WPy

1
2

gn(qi+1) € Noy(—Pna) contact law on position level

Stage 2
Py = Pnyi+ Pno2

M (qit1)(wiv1 — HH%) - h(‘?i+11ui+%}

-fNj,z'H = YNji+l T ENYNj.i
Pnj1 —Trgnji+1 = 0: Enjit1 € Noy(—Pnj)  contact law on velocity level
Eﬁ!j,l — TgNji+1 < B 1j = 0

BREULING, CAPOBIANCO, EUGSTER, LEINE: A NONSMOOTH RATTLE ALGORITHM FOR MECHANICAL
SYSTEMS WITH FRICTIONAL UNILATERAL CONSTRAINTS, NONLINEAR ANALYSIS: HYBRID SYSTEMS, 2024
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Conclusions

« Numerical methods from nonsmooth dynamics are mature and easy to implement

* The analysis of nonsmooth systems requires the extension of
Nonlinear Dynamics to nonsmooth dynamical systems:
- stability theory Lt
- invariant manifolds (normal form theory, nonlinear modes) O

. : RSS2
- bifurcation theory LR Koo

- chaos theo TS e 2 I
W Sl e R

With many thanks to some of my PhD students and co-workers; ~MATLAB codes
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