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A rockfall simulation scheme which preserves the stability properties of rotating rocks
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Summary. The stability properties of a freely rotating rigid body are governed by the intermediate axis theorem, i.e. rotation around the
major and minor principal axes is stable whereas and rotation around the intermediate axis is unstable. The stability of the principal axes
is of importance for the prediction of rockfall. Current numerical schemes for 3D rockfall simulation, however, are not able to correctly
represent these stability properties. In this paper we give a proof using Lyapunov functions of an extended intermediate axis theorem,
which not only involves the angular momentum equations but also the orientation of the body. Inspired by the stability proof, we present
an novel scheme which respects the stability properties of a freely rotating body and which can be incorporated in numerical schemes for
the simulation of rigid bodies with frictional unilateral constraints.

Introduction

A full 3D simulation technique for rockfall dynamics, taking rock shape into account and using the state-of-the-art meth-
ods of multibody dynamics and nonsmooth contact dynamics, has been developed in [3]. The rockfall simulation tech-
nique is based on the nonsmooth contact dynamics method with hard contact laws. The rock is modeled as an arbitrary
convex polyhedron and the terrain model is based on a high resolution digital elevation model. The developed numerical
methods have been implemented in the code RAMMS::ROCKFALL, which is being actively used in the natural hazards
research community, and is to date the only 3D code which takes rockshape into account [2].
Field observations of natural rockfall events as well as high precision measurements with instrumented experimental
rocks [1] have shown that platy disk-shaped rocks have the tendency to roll and bump down the slope around their major
principal axis1. Simulations with the present implementation of RAMMS::ROCKFALL, however, fail to represent the
observed rolling phenomenon.
The intermediate axis theorem is a result of the Euler equations describing the movement of a rigid body with three
distinct principal moments of inertia. The theorem describes the following effect: rotation of a rigid body around its
minor and major principal axes is stable, while rotation around its intermediate principal axis is unstable. The classical
intermediate axis theorem, however, only involves the Euler equations for the three components of the angular velocity.
In this paper, we describe the dynamics of a freely rotating body in state-space form using as states the three angular
velocity components and an arbitrary parametrization of the orientation of the body with respect to the inertial frame.
Using the method of Lyapunov functions we rigorously prove an extended version of the intermediate axis theorem in the
full state-space.
In this paper we will show that the present scheme, which is fully explicit during flight phases of the rock, does not respect
the intermediate axis theorem. Furthermore, we will present an alternative implicit scheme which correctly describes the
stability properties of a freely rotating body.

Equations of motion of a free spinning body

Let V be the Euclidean vector space. To describe the orientation of the rock, we will use a body-fixed frame K =
(~eKx , ~e

K
y , ~e

K
z ) as well as an inertial frame I = (~eIx, ~e

I
y, ~e

I
z). An arbitrary vector ~a ∈ V can be expressed in the K-frame

through the tuple K~a ∈ R3, which is related to its representation I~a in the inertial frame through

~a = AIKK~a, (1)

where AIK =
(
I~e

K
x I~e

K
y I~e

K
z

)
∈ SO(3) is the transformation matrix describing the orientation of the rock. Let K

~Ω
denote the angular velocity of the body expressed in the body-fixed frame K. The spin of the body is defined by

~NS = ΘS
~Ω (2)

where ΘS is the inertia tensor. The inertia tensor takes a constant form in the body-fixed frame, which we choose to be
aligned along the principal axes of inertia, such that

Θ := KΘS =

A 0 0
0 B 0
0 0 C

 (3)

where A,B,C > 0 are the principal moments of inertia around the minor, intermediate and major axis respectively. We
will denote Θ := KΘS as inertia matrix to have a short-hand notation. During flight, the rotational motion of the rock is

decoupled from the translational motion and fully described by the spin invariance ~̇NS = ~0, yielding

K
~̇NS + K

~Ω× K
~NS = ~0 (4)

1https://youtu.be/oWkTfTGeAEo

https://youtu.be/oWkTfTGeAEo
https://youtu.be/oWkTfTGeAEo
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in the body-fixed frame, which lead to the Euler equations for a freely rotating rigid body

Θω̇ + ω × (Θω) = 0. (5)

Herein, we used the short-hand notation ω = K
~Ω. The evolution of the orientation of the body is described by

ȦIK = AIKω̃, (6)

where ω̃ is the skew-symmetric matrix such that ω̃c = ω × c for all c ∈ R3. The orientation of the body may be
freely parameterized using for instance unit-quaternions q ∈ R4 or axis-angle notation (n,χ). The matrix differential
equation (6) results in a set of ordinary differential equations for the chosen parametrization. If a quaternion q = (p0,p

T)T

representation is used then the rotation matrix is parametrized as

AIK = I +
2

p2
0 + pTp

(p̃p̃+ p0p̃) (7)

resulting in
q̇ = F (q)ω (8)

with

F (q) =
1

2‖q‖

(
pT

p̃+ p0I

)
. (9)

Invariants of motion of the Euler equations

The body has the rotational kinetic energy

T =
1

2
ωTΘω (10)

being a constant of motion as, using (5),

d
dt
T = ωTΘω̇ = −ωT

(
ω × (Θω)

)
= 0 . (11)

A second invariant follows from the spin
I
~NS = AIKΘω, (12)

which is constant in the inertial frame, i.e.

d
dt

(
I
~NS

)
= ȦIKΘω +AIKΘω̇ = AIK (ω × (Θω))−AIK (ω × (Θω)) = 0. (13)

When expressed in the body fixed frame, the spin K
~NS is not constant but keeps a constant magnitude

d
dt
||K ~NS ||2 =

d
dt

(K ~NT
S K

~NS) = 2(Θω)TΘω̇ = −2(Θω)T
(
ω × (Θω)

)
= 0 . (14)

Stationary motion

A rigid body may undergo a stationary motion for which its angular velocity is constant, i.e. ω̇ = 0. We will denote
such a stationary motion in state-space as (AIK?(t),ω?). From the Euler equations (5) we infer that stationary motion
is only possible if the term ω × (Θω) vanishes. Stationary motion therefore implies that ω? is in an eigendirection
of Θ, resulting in three stationary directions of motion K~e

K
x ,K~e

K
y ,K~e

K
z . Without loss of generality, let ω? = Ωe?,

where e? = e3 =
[
0 0 1

]T
agrees with K~e

K
z . The vector e? may be complemented by e1 =

[
1 0 0

]T
and

e2 =
[
0 1 0

]T
to form an orthonormal basis. The evolution of the orientation of the body during stationary motion

AIK?(t) = AIK?(0)eω̃?t (15)

follows from the closed form solution of the matrix differential equation (6). Without loss of generality, we setAIK?(0) =
I . From

I~e
K?
z (t) = AIK?(t)e3 = eω̃?te? = e? = I~e

I
z (16)

it follows that ~eK?
z = ~eIz for all t. The stationary motion (AIK?(t),ω?) itself cannot be stable, irrespective of the principal

axis which is considered, because a small error ∆Ω in the magnitude of the angular velocity ω = (Ω + ∆Ω)e? will cause
AIK(t) to diverge from AIK?(t). Hence, instead of the stationary motion we need to study the stability of the axis of
rotation, or, more precisely, of a manifold in state-space related to that. Hereto, we consider the distance between the axes
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of rotation ~eK?
z = ~eIz of the stationary motion and ~eKz of an arbitrary motion, which we express in the K-frame using the

quantity
d(t) = K~e

K?
z − K~e

K
z = K~e

I
z − K~e

K
z = AKI(t)e? − e?. (17)

Furthermore, to parametrize the transformation matrixAIK(t), we also introduce the time-dependent quantities

h1(t) = AKI(t)e1 − e1, (18)

h2(t) = AKI(t)e2 − e2. (19)

The transformation matrix may therefore be expressed as

AT
IK(t) = I +

[
h1(t) h2(t) d(t)

] [
e1 e2 e?

]−1

= I +
[
h1(t) h2(t) d(t)

]
.

(20)

Furthermore, we introduce the quantity
α(t) = ω(t)− ω? (21)

to express the difference in rotation speed, which is being governed by the Euler equations (5)

Θα̇+ (ω? +α)× (Θ(ω? +α)) = 0. (22)

Having introduced the quantities d and α, we can define the manifold of stationary rotation in a straightforward way

M =
{

(AIK ,ω) ∈ SO(3)× R3 | d = 0,α = 0
}
. (23)

The dynamics of the distance to the axis of stationary rotation is given by

ḋ(t) = ȦKI(t)e? = (AIK(t)ω̃(t))
T
e?

= −ω̃(t)AKI(t)e?

= − (ω̃? + α̃(t)) (d(t) + e?)

= −ω̃?d(t)− α̃(t) (d(t) + e?)

(24)

being only dependent on d and α. It holds that ḋ(t) = 0 if d = α = 0 and α̇(t) = 0 if α = 0. Hence, the manifoldM
of stationary rotation is invariant. The differential equations (24) and (22) can be gathered using y(t) =

(
dT αT

)T
in

the system of ordinary differential equations
ẏ(t) = f(y(t)), (25)

which is time-autonomous. The stability of the axis of rotation now bears down to the stability of the invariant manifold
M, i.e. the stability of the equilibrium y? = 0 of system (25). The stability properties of stationary rotation in the
6-dimensional state-space y will be referred as the extended intermediate axis theorem.

Extended intermediate axis theorem

Stability of rotation around the major principal axis
We consider motion in the vicinity of the stationary rotation ω? = Ωe?, Ω > 0, and C ≥ max(A,B) such that e? is
the major principal axis of inertia. Herein, the K?-frame is the body fixed frame of stationary motion, whereas we will
reserve the K-frame for the body fixed frame of an arbitrary motion in the vicinity of the stationary motion. The frames
are related throughAKK? = AKIAIK? = AT

IKAIK? and it therefore holds that

AKK?e? = AKIAIK?e? = AKIe? = d+ e?. (26)

In order to set up a Lyapunov function, we consider the function

V̄ (d,α) = ‖I ~NS − I
~NS?‖2 = ‖K ~NS − K

~NS?‖2. (27)

The spin ~NS? can be easily expressed in the K?-frame as K?
~NS? = Θω? = CΩe?, which can be cast in the K-frame

through
K
~NS? = AKK? K?

~NS? = CΩAKK?e? = CΩ(d+ e?). (28)

Using K
~NS = Θω = Θ(α+ ω?) = Θα+ CΩe? we arrive at

V̄ (d,α) = ‖Θα− CΩd‖2 = (Aαx − CΩdx)2 + (Bαy − CΩdy)2 + (Cαz − CΩdz)2. (29)

Furthermore, we introduce the function

V̂ (α) = 2C T (ω)− ‖ ~NS(ω)‖2 +
1

Ω2
(2 T (ω)− 2 T (ω?))2 , (30)
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which can be expressed as

V̂ (α) = CωTΘω − ωTΘ2ω +
1

Ω2
(ωTΘω − ωT

? Θω?)2

= (α+ ω?)T(CΘ−Θ2)(α+ ω?) +
1

Ω2

(
(α+ ω?)TΘ(α+ ω?)− ωT

? Θω?

)2
= αT(CΘ−Θ2)α+

1

Ω2

(
αTΘα+ 2CωT

? α
)2

= A(C −A)α2
x +B(C −B)α2

y +
1

Ω2
(Aα2

x +Bα2
y + Cα2

z + 2CΩαz)2

(31)

To prove stability of the trivial equilibrium of (25) for C ≥ max(A,B), we consider the Lyapunov candidate function

V (y) = V̄ (d,α) + V̂ (α), (32)

which purely consists of the invariants of motion ~NS = const. and T (ω) = const. and is therefore constant, i.e. V̇ = 0
along solutions of the system. The (local) positive definiteness of V remains to be investigated in the following.
First, we show that V̂ (α) is a local positive definite function in α. We infer that V̂ (α) ≥ 0 for arbitrary α ∈ R3 as it is
a sum of squares with positive coefficients for C ≥ max(A,B). Moreover, the points where V̂ (α) = 0 are characterized
by αx = 0, αy = 0 and αz(αz + 2Ω) = 0. This implies that V̂ vanishes at the origin and at the point α = (0 0 − 2Ω)T

and is strictly positive for all other α ∈ R3, proving that V̂ (α) is locally positive definite.
As V is the sum of V̄ (d,α) ≥ 0 and V̂ (α) ≥ 0, it may only vanish if V̄ (d,α) and V̂ (α) vanish simultaneously. From
the local positive definiteness of V̂ (α) it is clear that, in the neighborhood of the origin, V may only vanish for α = 0.
Now we consider V̄ (d,α) and note that V̄ (d,0) = C2Ω2‖d‖2 can only vanish if d = 0. This proves local positive
definiteness of V and, thereby, that rotation around the major principal axis is stable. This result may be viewed as an
extended intermediate axis theorem, as it not only proves that the angular velocity ω remains close to ω? (i.e. the classical
intermediate axis theorem), but also proves that d remains small, i.e. the orientation of the axis of rotation is stable.

Stability of rotation around the minor principal axis
We now consider the stability of stationary rotation around the minor principal axis by setting again ω? = Ωe?, Ω > 0
with e? = e3 but assuming C ≤ min(A,B). The proof of the stability of stationary rotation around the minor principal
axis is completely analogous to the proof for the major principal axis.
We consider again the Lyapunov candidate function of the form

V (y) = V̄ (d,α) + V̂ (α), (33)

where the function

V̄ (d,α) = ‖Θα− CΩd‖2 = (Aαx − CΩdx)2 + (Bαy − CΩdy)2 + (Cαz − CΩdz)2 (34)

is defined as before, but V̂ (α) is chosen as

V̂ (α) = −CωTΘω + ωTΘ2ω +
1

Ω2
(ωTΘω − ωT

? Θω?)2

= A(A− C)α2
x +B(B − C)α2

y +
1

Ω2
(Aα2

x +Bα2
y + Cα2

z + 2CΩαz)2
(35)

The Lyapunov function is constant along solutions and is locally positive definite for C ≤ min(A,B), proving stability
of rotation around the minor principal axis.

Fully explicit scheme

We briefly discuss the fully explicit scheme (or pseudo-implicit scheme) which is currently implemented in RAMMS:rockfall.
Let ωk denote the angular velocity of the rock at time instant tk. The present scheme calculates the angular velocity ωk+1

at time instant tk+1 = tk + ∆t (in the absence of contact with the terrain) through

Θ(ωk+1 − ωk) +
∆t

2
G(ωk)(ωk+1 + ωk) = 0 , (36)

whereG(ω) = Θω̃ + ω̃Θ, resulting the explicit velocity update

ωk+1 =

(
Θ +

∆t

2
G(ωk)

)−1(
Θ− ∆t

2
G(ωk)

)
ωk = ωk −

(
Θ +

∆t

2
G(ωk)

)−1

G(ωk)ωk, (37)
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where the last step is a simplification explained in [5]. The rotation matrix is parametrized using a quaternion qk with a
midpoint update rule

qk+1
pre = qk+ 1

2 +
∆t

2
F (qk+ 1

2 )ωk+1, qk+1 =
qk+1

pre

‖qk+1
pre ‖

, (38)

where qk+ 1
2 = qk + ∆t

2 ω
k.

The rationale behind the explicit scheme is that it preserves the kinetic energy. The change in kinetic energy over the time
step is

T (ωk+1)− T (ωk) =
1

2
(ωk+1)TΘωk+1 − 1

2
(ωk)TΘωk

=
1

2
(ωk+1 + ωk)TΘ(ωk+1 − ωk).

(39)

Substitution of the explicit scheme (36) yields

T (ωk+1)− T (ωk) = −∆t

4
(ωk+1 + ωk)TG(ωk)(ωk+1 + ωk) = 0 (40)

due to the skew-symmetry of G(ω) which shows that the kinetic energy is conserved. A stationary solution ω? = ωk =
ωk+1 of the scheme respects

G(ω?)ω? = ω? × (Θω?) = 0 , (41)

and corresponds to a stationary rotation of the Euler equations around principal axes.
Let αk be the perturbation of the angular velocity with respect to the stationary rotation ω? = Ωe? around the principal
axis e? = e3. The perturbation dynamics is obtained using ωk = ω? +αk as

Θ(αk+1 −αk) +
∆t

2
G(ω?)(αk+1 +αk) +

∆t

2
G(αk)(αk+1 +αk) + ∆tG(αk)ω? = 0 , (42)

where the linearity ofG and (41) have been used. For small perturbations we can neglect higher order terms in αk giving
the linearized perturbation dynamics

0 = Θ(αk+1 −αk) +
∆t

2
G(ω?)(αk+1 +αk) + ∆tG(αk)ω?

=

[
Θ +

∆t

2
G(ω?)

]
(αk+1 −αk) + ∆t

(
G(αk)ω? +G(ω?)αk

)
.

(43)

The linearized perturbation dynamics can be solved for αk+1 explicitly. Hereto, the second term is reformulated as

G(αk)ω? +G(ω?)αk = Θα̃kω? + α̃kΘω? + Θω̃?α
k + ω̃?Θα

k

= α̃kΘω? + ω̃?Θα
k

= αk × (Θω?) + ω? × (Θαk)

=: Aαk ,

(44)

whereA = −(̃Θω?) + ω̃?Θ. Next, the matrixB = Θ + ∆t
2 G(ω?) in (43) has the inverse

B−1 =
1

detB

 BC ∆t
2 ΩC(A+B) 0

−∆t
2 ΩC(A+B) AC 0

0 0 detB
C

 , (45)

where the determinant of B is given by detB = ABC + ∆t2

4 C(A + B)2. Hence, the linearized perturbation dynamics
can be given in the explicit form

αk+1 =
(
I −∆tB−1A

)
αk = Dαk , (46)

in which the matrixD has the non-zero components

D11 = 1− ∆t2

2 detB
Ω2C(A+B)(A− C), D12 = − ∆t

detB
ΩAC(A− C),

D21 = − ∆t

detB
ΩBC(C −B) D22, = 1 +

∆t2

2 detB
Ω2C(A+B)(C −B),

D33 = 1.

(47)
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The stability of rotation around the major principal axis is determined through the eigenvalues of D, being the roots of
the characteristic polynomial

det(λI −D) = (λ− 1) [(λ−D11)(λ−D22)−D12D21)]

= (λ− 1)
[
λ2 − (D11 +D22)λ+ (D11D22 −D12D21)

] (48)

given by

λ1/2 =
b±
√
b2 − 4c

2
and λ3 = 1. (49)

Herein, the parameters b = D11 +D22 and c = D11D22 −D12D21 can be calculated as

b = 2− ∆t2Ω2

2 detB
C(A+B)(A+B − 2C), c = 1 +

∆t2Ω2

2 detB
C ((A+B) (A+B − 2C)− 2 (A− C) (C −B)) .

The eigenvalues λ1/2 in (49) take the form

λ1/2 = 1− d

2
±
√
d2 + 4e

2
(50)

with

d =
∆t2

2 detB
Ω2C(A+B)(A+B − 2C), e =

∆t2

detB
Ω2C(A− C)(C −B) (51)

For rotation around the major principal axis it holds that C ≥ max(A,B) from which follows that d < 0. Therefore,
at least one of the eigenvalues has a magnitude larger than unity which proves instability of rotation around the major
principal axis, contrary to the intermediate axis theorem. Hence, the explicit scheme cannot correctly represent the
stability properties of a freely rotating body.

A stability preserving implicit scheme

Here, we propose an alternative scheme for rockfall simulation with RAMMS:rockfall which preserves the stability prop-
erties of the principal axes of rotation in accordance with the intermediate axis theorem. The alternative scheme consists
of two parts:

1. as update rule for the angular velocity, we use the implicit scheme proposed by [5]

2. as update rule for the orientation parametrization, we propose a novel scheme which preserves the spin.

The implicit scheme for the angular velocity calculates ωk+1 at time instant tk+1 = tk + ∆t during a flight phase as

Θ(ωk+1 − ωk) + ∆tωk+ 1
2 × (Θωk+ 1

2 ) = 0 with ωk+ 1
2 =

1

2
(ωk + ωk+1) . (52)

Substitution of the scheme (52) in the kinetic energy expression (39) yields

T (ωk+1)− T (ωk) = −∆t

2
(ωk+ 1

2 )T
[
ωk+ 1

2 × (Θωk+ 1
2 )
]

= 0 . (53)

showing that the kinetic energy is preserved by the implicit scheme. The magnitude of the spin ‖ ~NS‖ = ‖K ~NS‖ =
‖Θω‖, defined by (12), is only dependent on the angular velocity. The implicit scheme for the angular velocity also
conserves the magnitude of the spin as follows from

|| ~Nk+1
S ||2 − || ~Nk

S ||2 = (Θωk+1)TΘωk+1 − (Θωk)TΘωk

= (Θωk+ 1
2 )TΘ(ωk+1 − ωk)

(52)
= −∆t(Θωk+ 1

2 )T
[
ωk+ 1

2 × (Θωk+ 1
2 )
]

= 0 .

(54)

We now propose an update rule for the orientation parametrization. The update of the orientation Ak+1
IK is chosen such

that the spin remains constant, i.e.
I
~Nk+1
S = I

~Nk
S , (55)

and such that the kinematic equation is correctly approximated in the sense that

lim
∆t↓0

Ak+1
IK −Ak

IK

∆t
= ȦIK(tk) (56)
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where ȦIK = AIK(t)ω̃. We choose an update of the form

Ak+1
IK = Ak

IKeω̃
k+1

2 ∆tB(ωk,ωk+1) (57)

where the matrix B depends on ωk and ωk+1 and needs to fulfill BTB = I to ensure that (Ak+1
IK )TAk+1

IK = I .
Furthermore, we demand thatB(x,x) = I for all x such that

lim
∆t↓0

B(ωk,ωk+1) = B(ωk,ωk) = I (58)

from which follows the kinematic consistency (56).
To ensure the conservation of spin we demand

Ak+1
IK Θωk+1 = Ak

IKΘωk (59)

which, after substitution of the update rule, gives

Ak
IKeω̃

k+1
2 ∆tB(ωk,ωk+1)Θωk+1 = Ak

IKΘωk. (60)

The matrixB will now be chosen such that

eω̃
k+1

2 ∆tB(ωk,ωk+1)Θωk+1 = Θωk (61)

and therefore
B(ωk,ωk+1)Θωk+1 = e−ω̃

k+1
2 ∆tΘωk (62)

from which we see that it is indeed only dependent on ωk and ωk+1. The matrixB is a pure rotation.
Using Rodrigues formula, every pure rotationR around the unit vector k with rotation angle θ can be represented as

R = I + sin θK + (1− cos θ)K2 (63)

whereK = k̃. If k and θ are chosen as

k =
b× c
‖b× c‖ , cos θ =

b · c
‖b‖‖c‖ (64)

then it holds thatRb = c if ‖b‖ = ‖c‖. Furthermore, it holds thatR→ I for b→ c.
Hence, we chooseB = I + sin θK + (1− cos θ)K2 with

k =
Θωk+1 × (e−ω̃

k+1
2 ∆tΘωk)

‖Θωk+1 × (e−ω̃
k+1

2 ∆tΘωk)‖
, cos θ =

Θωk+1 · (e−ω̃k+1
2 ∆tΘωk)

‖Θωk+1‖‖Θωk‖ . (65)

To prove that the proposed scheme has the desired stability properties of the principal axes of rotation, we use the Lya-
punov functions V (yk) for the major and minor principal axes as presented before. As the proposed scheme conserves
the kinetic energy and the spin by construction it holds that V (yk+1) = V (yk), whereas positive definiteness has al-
ready been shown. The proposed scheme therefore preserves the stability properties of the principal axes of rotation in
accordance with the extended intermediate axis theorem.

Numerical results

We compare the explicit and the implicit scheme on a numerical example. We consider a cuboid of mass m = 1 kg with
length a = 3 m, width b = 2 m and height c = 1 m in the ~eKx , ~eKy and ~eKz ) direction, respectively. The principal moments
of inertia are therefore A = m

12 (b2 + c2), B = m
12 (a2 + c2) and C = m

12 (a2 + b2) such that A < B < C. Rotation
in the neighborhood of stationary rotation ω? = Ωe? around the major principal axis e? = e3 is considered. As initial
conditions we choose AIK(0) = I and ω =

(
ωx ωy ωz

)T
=
(
10−3 10−3 10

)T
rad/s. We simulate 20 s using a

time-step of ∆t = 0.01 s using the explicit and implicit scheme. The results of both schemes are shown in Figures 1 and 2.
The body initially rotates in the vicinity of the major principal axis with angular velocity ωz = Ω = 10 rad/s, which is
stable as follows from the extended intermediate axis theorem. However, in the numerical solution of the explicit scheme,
the body deviates from stationary rotation around the major principal axis (approximately at t = 10 s) and tends to stable

rotation around the minor principal axis with angular speed ωx = −
√

C
AΩ. If a smaller time-step is taken in the explicit

scheme, then the change of axis will be slower and will take place at a later point in time. The solution of the implicit
scheme remains very close to the major principal axis, both in angular velocity and in the distance d(t) = K~e

K?
z − K~e

K
z

and is therefore much more accurate.
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Summary. The stability properties of a freely rotating rigid body are governed by the intermediate axis theorem, i.e. rotation around
the major and minor principal axes is stable whereas and rotation around the intermediate axis is unstable. The stability of the principal
axes is of importance for the prediction of rockfall. Current numerical schemes for 3D rockfall simulation, however, are not able to
correctly represent these stability properties. In this paper we give a proof using Lyapunov functions of an extended intermediate axis
theorem, which not only involves the angular momentum equations but also the orientation of the body. Inspired by the stability proof,
we present an novel scheme which respects the stability properties of a freely rotating body and which can be incorporated in numerical
schemes for the simulation of rigid bodies with frictional unilateral constraints.
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Figure 1: Angular velocities: left the explicit scheme, right the implicit scheme
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Simulation results with RAMMS::ROCKFALL

In rockfall events the rotation of platy disk-shaped rocks around their major principal axis is a remarkable phenomenon
which has been recently precisely measured in experiments [1]. In order to capture these rock dynamics, we have fully
implemented the newly proposed implicit scheme into RAMMS::ROCKFALL and have performed simulations in both
idealized and actual rockfall environments. As a control group, the original explicit scheme employed in the current
RAMMS:ROCKFALL version has been utilized to obtain rockfall simulations under the same boundary conditions.
The first group of simulations was performed with a disk-shaped rock going downward an idealized inclined slope of
40◦. The rock has a uniformly distributed mass of 1000 kg and has a geometry size of 1.16, 1.14 and 0.35 m along its
three principal axes, respectively (see Tab. 3). In total 300 simulations were performed with only changing the initial
rock orientation. The same initial rock orientation set and time step (0.002 s) was employed for both the explicit and
the implicit scheme [4]. Fig. 3 compares for both numerical schemes the kinetic rock energy using the statistic mode of
RAMMS::ROCKFALL (first row). The trajectory mode (second row) shows for a single simulation the development of
rock rotations along its principal axes. The implicit scheme tends to give significantly lower and much more homogeneous
values of the kinetic energy. Furthermore, it takes a much shorter distance for rocks calculated with the implicit scheme
to enter the mode rotating around their major principal axes, which remains stable until the rock reaches the horizontal
deposition zone. Tab. 1 compares the corresponding mean and standard deviation values obtained for the both numerical
schemes. The second group of simulations was performed with a so-called EOTA-shaped rock (see Tab. 3) which was
used in rockfall experiments with instrumented rocks at Chant Sura in Davos, Switzerland [1]. The rock mass is 780 kg,
homogeneously distributed in a rigid body of 0.93, 0.93 and 0.47 m along the three principal axes. Also 300 simulations

Table 1: Comparison of 300 rocks behavior on an idealized slope for the explicit and the implicit schemes.

Parameter Explicit Implicit
Mean Standard Deviation Mean Standard Deviation

kinetic energy (kJ) 127.95 107.25 78.13 43.08
translational velocity (m/s) 13.35 6.29 10.59 3.48
rotational velocity (rot/s) 3.01 1.39 2.47 0.77
jump height (m) 1.23 1.24 0.87 0.84



ENOC 2020, July 5-10, 2020, Lyon, France

Table 2: Comparison of 300 rocks behavior at Chant Sura for the explicit and the implicit schemes.

Parameter Explicit Implicit
Mean Standard Deviation Mean Standard Deviation

kinetic energy (kJ) 64.60 46.50 76.48 47.79
translational velocity (m/s) 10.74 4.58 11.64 4.45
rotational velocity (rot/s) 2.71 1.10 2.98 1.03
jump height (m) 1.07 0.85 1.10 0.84

Table 3: Comparison of the computational time for the explicit and the implicit schemes (300-rock simulation).

Simulation case Explicit Implicit

idealized slope (ramp) 47 s 57 s

actual slope (Chant Sura) 9 s 15 s

were carried out here, setting the same initial rock orientations and time step (0.002 s) for both the explicit and the implicit
schemes. The implicit scheme gives a more concentrated run-out zone for the rocks, see the first row in Fig. 4 and the
distribution of rock kinetic energy looks “smoother” when compared with the explicit scheme. Most interestingly, the
implicit scheme captures well the fast rotation of the flat rock during the entire trajectory while the explicit scheme cannot
reproduce the rock’s stable rotation around its major principal axis. Tab. 2 lists the mean and standard deviation values for
both the numerical schemes. Finally, Tab. 3 displays the computational time recorded for the 300-rock simulations under
the explicit and the implicit schemes. The implicit scheme is a bit slower in comparison to the explicit scheme, which
is expected as the updating of rock rotations requires more computational effort. However, the former does respect the
stability properties of rotating 3D objects, which is a key improvement for RAMMS::ROCKFALL. Future simulations
will be carefully validated against the real rockfall events and experiments. It is anticipated that for extremely long rolling
phases of platy rocks the differences between the explicit and the implicit schemes could be even larger.

Conclusions

In this paper an extended intermediate axis theorem has been proven using Lyapunov functions. Using the same Lyapunov
functions, we have given a rigorous proof that the implicit scheme presented in [5] respects the extended intermediate axis
theorem. The computational cost per time-step is larger for the implicit scheme than the explicit scheme, as Newton
iterations are needed to solve the implicit equations. However, numerical simulations show that the implicit scheme is far
more accurate as it respects both the energy conservation and the invariance of the spin. The implicit scheme therefore
allows to take larger time-steps without excessive error, making it a suitable scheme for 3D rockfall simulation.
Numerical simulations with RAMMS::ROCKFALL using the newly developed implicit scheme show that for the down-
ward motion of a platy rock on an actual slope the rotation around the major principal axis is stable, even in the presence
of intermediate collisions and contact phases with the slope. This is in correspondence with data from field experiments.
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Figure 3: Disk-shaped rock rolling down an idealized inclined slope: left the explicit scheme, right the implicit scheme.

Figure 4: EOTA-shaped rock rolling down an actual slope at Chant Sura (Davos, Switzerland): left the explicit scheme,
right the implicit scheme
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